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THEORETICAL  DETERMINATION  OF  SUBSONIC  OSCILLATORY  AIRFORCE  COEFFICIENTS 
FOR  FIN-TAILPLANE  CONFIGURATIONS 

by 

D.  E.  Davies 


SUMMARY 


The  f in-tailplane  configuration  consists  of  two  flat  half-tailplanes  and  a 
flat  fin  joined  together  so  as  to  be  symmetric  about  the  plane  of  the  fin.  The 
half-tailplanes  may  be  set  at  a  non-zero  dihedral  angle  to  each  other.  The 
chords  of  all  the  surfaces  at  their  junction  are  of  the  same  length  and  are  coin¬ 
cident.  The  fin-tailplane  configuration  is  assumed  to  be  isolated  and  to  be 
oscillating  harmonically  about  its  mean  position  in  a  subsonic  flow  whose  main 
stream  is  parallel  to  the  junction  chord.  The  oscillatory  motion  is  taken  to  be 
antisymmetric  about  the  plane  of  the  fin.  Linearised  equations  of  potential  flow 
are  assumed  to  be  valid  so  that  the  normal  velocities  on  the  fin  and  tailplane 
surfaces  may  be  related  to  the  loadings  on  these  surfaces  by  means  of  linear 
integral  equations.  These  integral  equations  are  solved  numerically  for  the 
loadings  for  oscillation  at  general  frequency  in  any  antisymmetric  modes,  and  the 
generalised  airforce  coefficients  are  then  obtained.  Approximations  to  the  load¬ 
ings  are  taken  as  linear  combinations  of  basis  functions.  The  condition 
satisfied  by  the  loadings  at  the  junction  of  the  fin  and  half-tailplanes  is 
imposed  on  the  approximations  and  the  variational  principle  of  Flax  is  applied  to 
get  the  coefficients  in  the  said  linear  combinations.  The  method  is  more 
elaborate  than  that  of  a  previous  theory  of  the  author.  The  procedure  has  been 
programmed  in  ICL  1900  FORTRAN.  Results  obtained  using  the  program  on  a  number 
of  examples  are  given. 
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INTRODUCTION 


The  theory  to  be  described  is  a  development  of  the  author's  previous 
theory'  for  the  calculation  of  subsonic  oscillatory  airforce  coefficients  for 
fin-tailplane  configurations  oscillating  antisymmetrically  about  the  plane  of  the 
fin  in  a  harmonic  motion.  A  pair  of  linearised  integral  equations  connects  the 
loading  distributions  on  the  fin  and  a  half-tailplane  with  the  normal  air 
velocities  on  these  surfaces.  The  loading  distributions  on  the  fin  and  half- 
tailplane  are  approximated  by  linear  combinations  of  given  continuous  basis  func¬ 
tions  that  have  the  proper  edge  behaviour,  so  that  the  theory  is  of  the  lifting- 
surface  type.  The  loading  distributions  satisfy  a  condition  at  the  junction  of 
the  fin  and  half-tailplanes.  Previously1  this  junction  condition  was  ignored, 
but  found  to  be  satisfied  approximately  by  the  solution  obtained.  Here  we 
impose  the  junction  condition  on  the  approximate  loading  distributions,  and  this 
has  the  repercussion  that  the  former  method  of  simple  collocation  at  sets  of 
points  on  the  fin  and  a  half-tailplane  is  not  easily  applied  to  determine  the 

coefficients  in  the  above  linear  combinations.  However,  an  application  of 

2  3 

Flax’s  variational  principle  '  yields  a  set  of  equations  for  determining  the 
said  coefficients.  Normal  air  velocities  at  specific  points  on  the  fin  and  half- 
tailplane  may  still  be  used  in  this  application.  Having  determined  the 
coefficients,  we  then  obtain  the  generalised  airforce  coefficients  for  the  fin- 
tailplane  in  a  straightforward  manner. 

The  opportunity  has  been  taken,  in  refining  the  theory,  to  incorporate  the 
possibility  of  the  dihedral  angle  between  the  two  half-tailplanes  being  non-zero, 
but  the  angles  of  incidence  of  all  surfaces  to  the  main-stream  flow  remain  zero 
as  before  .  Furthermore,  the  chords  of  the  fin  and  the  half-tailplanes  at  their 
junction  are  again  of  equal  length  and  coincident. 

In  the  past  IS  years  or  so,  several  authors  have  developed  theories  for 
calculating  subsonic  oscillatory  airforce  coefficients  for  fin-tailplane  con¬ 
figurations.  Immediately  prior  to  the  author's  previous  theory1.  Stark  pub- 
•  4 

lished  a  theory  which  was  based  on  integral  equations  involving  the  integrated 
acceleration  potential.  The  author's  previous  theory  was  subsequently  applied  to 
the  example  taken  by  Stark,  and  results  in  good  agreement  with  those  of  Stark 
were  obtained.  This  same  example  was  used,  for  comparison,  by  several  authors 
afterwards  and  is  here  used  again  with  the  present  theory. 

Zwaan^  used  the  same  kind  of  lifting-surface  theory  as  the  author's1 
although  there  are  differences  of  detail.  There  followed  a  number  of  such 
lifting-surface  theories,  eg  BBhm  and  Schmid^  and  Isogai^.  Only  Stark ^  adopted 
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a  procedure  equivalent  to  imposing  the  junction  condition  on  the  loading. 

Isogai  introduced  a  non-zero  angle  of  incidence  for  the  tailplane  surfaces  but 
this  was  only  for  rigid  body  oscillations  and  for  incompressible  flow. 

Q 

In  a  later  theory  Stark  solved  the  integral  equations  connecting  the 
doublet  strengths  on  the  fin  and  half-tailplane  surfaces  and  on  the  wakes 
emanating  from  the  trailing  edges  of  these  surfaces.  From  the  doublet  strengths, 
the  loadings  and  subsequently  the  airforce  coefficients  are  easily  calculated. 
Stark  carries  out  numerical  integration  of  his  surface  integrals  in  terms  of 
polar  coordinates  as  integration  variables  and  gets  a  more  rapid  evaluation, 
for  a  given  accuracy,  than  he  would  obtain  using  the  conventional  cartesian 
coordinates  as  integration  variables.  The  method  is,  however,  of  the  lifting- 
surface  type. 

The  doublet-lattice  type  of  method  is  different  in  that  the  loading  dis¬ 
tributions  on  the  fin  and  half-tailplane  are  approximated  by  discrete  concen¬ 
trated  loadings  on  certain  lines  on  these  surfaces.  The  same  pair  of  linearised 
integral  equations  connecting  the  loading  distributions  on  the  fin  and  the  half- 

tailplane  remain  to  be  solved.  This  type  of  method  was  used  by  Rodden,  Giesing 

9  10 

and  Kdlmdn  and  has  been  used  more  recently  by  Nayler  and  Doe  .  Results 

obtained  by  Nayler  and  Doe  are  compared  with  results  obtained  by  the  present 

method  for  a  fin-tailplane  configuration  which  is  a  slight  modification  of  the 

standard  AGARD  configuration  taken  in  Ref  6. 

The  method  presented  here  is  again  of  the  lifting-surface  type  but  it  is 

different  from  the  earlier  versions  described  above  in  that  the  coefficients  in 

the  expressions  for  the  approximate  loadings  are  determined  by  applying  Flax’s 
.  2  3 

variational  principle  ’  .  The  condition  on  the  loading  at  the  f in-tailplane 
junction  is  satisfied.  The  method  is  more  powerful  than  the  author's  former 
method V  and  should  give  better  approximations  to  the  generalised  airforce 
coefficients  with  a  comparable  amount  of  numerical  calculation. 

2  THEORETICAL  CONSIDERATIONS 

2. 1  Preliminary  formulae 

The  fin-tailplane  configuration  consists  of  two  half-tailplanes  and  a  fin 
joined  together.  The  half-tailplanes  and  the  fin  are  very  thin  and  nearly  plane. 
The  whole  fin-tailplane  configuration  is  immersed  in  a  subsonic  airstream  with 
the  inclinations  of  its  surfaces  to  the  main  airstream  direction  being  very 
small.  The  fin-tailplane  is  oscillating  in  a  prescribed  manner  with  small 
excursion  about  a  mean  position.  Accordingly  linearised  aerodynamic  theory  is 
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applicable  and  the  f in-tailplane  may,  for  the  purpose  of  finding  the  aero¬ 
dynamic  forces  acting  on  it,  be  replaced  by  intersecting  plane  surfaces  of 
infinitesimal  thickness,  all  parallel  to  the  main  airstream  direction,  with  the 
normal  component  of  the  air  velocity  across  these  surfaces  known.  A  diagram  of 
these  intersecting  plane  surfaces  is  given  in  Fig  1.  The  fin  ABCD  is  joined  to 
the  half-tailplanes  CDEF  and  CDHG  along  the  chord  line  of  junction  CD.  The  half- 
tailplanes  are  images  of  each  other  in  the  plane  of  the  fin  ABCD. 

A  section  through  the  f in-tailplane  by  a  plane  normal  to  the  main  airstream 
is  shown  in  Fig  2,  the  direction  of  the  airstream  being  normal  into  the  paper. 

It  illustrates  the  disposition  to  each  other  of  the  fin  and  the  two  half- 
tailplanes.  The  fin  planform  ABCD  and  half-tailplane  planforms  CDEF  and  CDHG 
will  be  called  the  surfaces  Sj,  and  respectively.  The  normal  to  the 

fin  is  at  an  angle  a  to  the  surfaces  of  both  the  half-tailplanes,  and  this 
angle  a  is  taken  to  be  the  measure  of  the  dihedral  of  the  two  half-tailplanes. 
This  dihedral  angle  a  is  reckoned  positive  when  the  angle  between  the  fin 
surface  and  a  tailplane  surface  exceeds  a  right  angle.  With  this  reckoning,  a 
tailplane  situated  at  the  bottom  of  a  fin  would  have  conventional  anhedral  when 
a  is  positive.  Positive  normal  directions  to  the  three  surfaces  Sj,  S2  and 
are  chosen  in  the  sense  shown  in  Fig  2. 

A  system  of  right-handed  cartesian  coordinates  (x,y,z)  is  introduced, 
relative  to  which  the  mean  positions  of  the  oscillating  surfaces  are  fixed.  The 
origin  0  of  coordinates  is  taken  to  be  a  point  on  the  line  of  junction  CD.  The 
positive  direction  of  x  is  that  of  the  main  airstream  and  is  therefore  in  the 
direction  DC.  The  axis  of  z  is  in  the  plane  of  the  fin  Sj  ,  positive  towards 
the  end  AB  of  the  fin.  The  axis  of  y  is  mutually  perpendicular  to  the  axes  of 
x  and  z  with  positive  sense  to  complete  a  right-handed  cartesian  coordinate 
system. 

Further,  a  local  coordinate  axis  u  passing  through  0  is  introduced  as  a 
surface  axis  for  each  of  the  half-tailplane  surfaces  S2  and  so  that 

surface  coordinates  may  be  introduced.  For  each  of  the  half-tailplanes  the 
positive  direction  of  the  axis  is  towards  the  tip.  The  position  of  a  point  on  a 
specified  half-tailplane  is  known  when  its  surface  coordinates  (x,u)  are  known. 

On  the  half-tailplane  S2  (Fig  2)  the  point  with  surface  coordinates  (x,u)  has 
space  coordinates  (x,  u  cos  a,  -u  sin  a)  whereas  on  the  half-tailplane  it 

has  space  coordinates  (x,  -u  cos  a,  -u  sin  a).  Equally  the  position  of  a  point 
on  the  fin  Sj  is  known  when  its  surface  coordinates  (x,z)  are  known.  On  the 
fin  the  point  with  surface  coordinates  (x,z)  has  space  coordinates  (x,0,z). 
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When  the  fin-tailplane  configuration  is  vibrating  the  displacements  normal 

to  the  surfaces  are  defined  as  positive  in  the  directions  indicated  in  Fig  2. 

For  the  surfaces  S.,  S.  and  S-  the  normal  displacements  at  time  t  are 
( i  \  1  1  (21  J  (31 

taken  to  be  N  (x,z,t),  N  (x,u,t)  and  N  (x,u,t)  respectively  at  the  point 
with  surface  coordinates  (x,z)  on  and  the  points  with  surface  coordinates 

(x,u)  on  and  . 


We  assume  that  the  fin-tailplane  is  capable  of  oscillation  in  modes  that 


can  be  numbered  1,  2,  3,  . ...  etc.  For 
write 

N0)(x,z,t)  « 

N^(x,u,t)  * 

N(3)(x,u,t)  = 


oscillation  in  mode  number  q  we  may 


Z£ ^ (x,a)b  (t) 

q  q 

(2-1) 

£f^(x,u)b  (t) 

q  q 

(2-2) 

i.f  ^  (x,u)b  (t) 

q  q 

(2-3) 

where  &  is  a  typical  linear  dimension 
f^^(x,u),  f^3^ (x,u)  are  the  qth  modal 
generalised  coordinate  which  determines 
fin-tailplane  in  the  mode  number  q  at 


of  the  fin-tailplane,  f^(x,z), 
functions,  and  (t )  is  the  qth 
the  extent  of  the  displacements  of  the 
time  t  . 


It  is  sufficient,  in  linearised  theory,  to  consider  harmonic  oscillations 
only,  because  the  principle  of  superposition  holds,  and  can  be  used  to  build  any 
general  oscillation  from  simple  harmonic  oscillations.  Accordingly  we  may  take 
for  the  function  b^(t)  the  expression 


bq  (t) 


r  iwt 
b  e 

q 


(2-4) 


where  u>  is  the  circular  frequency  of  the  harmonic  oscillation  and  b^  is  a 
complex  number.  The  function  b  (t)  given  by  formula  (2-4)  is  a  complex 
function  of  time  t  but  we  can  use  it  and  its  complex  conjugate  to  form  a  real 
function 

i(bq.“'  *  bV1"')  (2-5) 

-* 

where  b^  is  the  complex  conjugate  of  b^  .  Then  by  using  the  principle  of 
superposition,  any  results  for  the  real  harmonic  function  (2-5)  can  be  obtained 
from  the  corresponding  results  for  the  complex  harmonic  function  b^(t)  given 
by  (2-4).  The  quantity  bq  may,  in  particular,  be  a  real  number  but  the 
functions  f^^(x,z),  f^(x,u),  f^3^(x,u)  must  all  be  real. 
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From  the  boundary  condition  that  the  airflow  be  tangential  to  the  fin  and 
tailplane  surfaces  we  get  linearised  expressions  for  the  normal  velocity  compo¬ 
nents  W^(x,z,t),  W^(x,u,t)  and  t/3^(x,u,t)  at  the  mean  positions  of  the 
surfaces  Si,  S2  and  S3  in  terms  of  the  normal  displacements  N^(x,z,t), 
N^(x,u,t),  N^)(x,u,t)  .  These  linearised  expressions,  for  harmonic  oscilla¬ 
tion  at  circular  frequency  u>  in  the  qth  mode,  are 


(x,z,t) 

*  Vb  w^  (x,z;v)e*ut 

q  q 

(2-6) 

(x,u,t) 

TrC  (2)  ,  .  iwt 

*  Vb  w  (x,u;v)e 

q  q 

(2-7) 

(x,u,t) 

«  Vb  w^  (x,u;v)e^wt 

q  q 

(2-8) 

where  w^(x,z;v)  =  £ 

-h  fq°(x»z>  +  ivfq0(x,z) 

(2-9) 

w^2\x,u;v)  =  £ 

^  fq2)  (x,u)  +  ivf^2)(x,u) 

(2-10) 

w^(x,u;v)  =  £ 

9 

-k  fq3)^»u>  +  ivf^3)(x,u) 

(2-11) 

are  scaled  normal  velocities. 

t o£ 

v  =  ~v" 

(2-12) 

is  the  frequency  parameter  and  V  is  the  speed  of  the  main  stream. 

Corresponding  to  the  normal  velocity  components  W^(x,z,t),  W^(x,u,t) 

and  W^(x,u,t)  ,  there  are  normal  pressure  forces  per  unit  area  l/^(x,z,t), 

(2)  (3) 

L  (x,u,t)  and  L  (x,u,t)  across  the  surfaces  Sj,  and  respectively. 

These  pressure  forces  per  unit  area  are  called  the  aerodynamic  loadings  on  the 
surfaces  and  are  reckoned  positive  when  the  forces  act  in  the  positive  normal 
directions  to  the  surfaces.  For  harmonic  oscillation  in  the  qth  mode,  where  the 
normal  components  W^(x,z,t),  W^(x,u,t)  and  W^(x,u,t)  of  the  air 
velocities  are  given  by  the  formulae  (2-6)  to  (2-8) ,  we  may  write 


^ (x,z,t) 

,,2r  „  (1 )  /•  ws  iiot 

-  pV  b  £  (x,z;v,M)e 

q  q 

(2-13) 

(2)<X,U,t) 

■  pV2b  £^2^ (x,u;v,M)e^Wt 

q  q 

(2-14) 
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where 


L(3)(x,u,t) 


M 


„2r  (3)  .  io>t 

pV  b  l  ^x,u;v,M)e 

q  q 


V 

a 


(2-15) 


(2-16) 


is  the  Mach  number  and  p  and  a  are  the  air  density  and  speed  of  sound  in  the 
main  stream. 

On  using  the  governing  partial  differential  equation  for  the  perturbation 
velocity  potential,  the  boundary  conditions  of  prescribed  normal  components  of 
the  air  velocities  on  the  surfaces  Sj,  S2  and  S3  ,  and  the  condition  of  no 
loading  across  the  wakes  shed  from  the  trailing  edges  of  these  surfaces,  we  can 
set  up,  as  in  Ref  1,  three  integral  equations  relating  the  normal  components 
of  the  air  velocities  on  the  surfaces  Sj,  and  with  the  aerodynamic 

loading  on  them.  These  integral  equations  may  be  written  in  the  form 


(x,z;v)  =  — 

q  4ttJI 


ffz  q1 }  (  wv,m)ki(- r1  ’  — ir2- 5  V»M) 


x  exp<-  iv 


(x  -  xQ) 


dxodzo 


^2  //£q2)(x0*U0;V’M)K2(-T-^’-F*f ’  ^  +  a;  V’M) 


(x  -  xQ) 

X  exp}  -  iv  - J -  Jdx0du0 


4tt  A 


//^3)(xo’uo;v*M)K2(^^’-r>f’"iir  -a;  V’M) 


(x  -  XQ) 

x  exp  f  -  iv  - ; - }  dxQdu0 


(2-17) 
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where  the  kernel  functions  Kj(x,y;v,M)  and  K2 (x,u,v,6;v,M)  are  given,  for 
subsonic  flow  M  <  1  ,  by  the  formulae 


Kj  (x,y;v,M) 


00 

/ 


-x+MR 


exP(-  ivX)  “  +  ±4-  .xpf-  iv  **>) 

(A2  +  y2)’  R(x2  +  y2)  \  g2  / 


(2-20) 


K2(x,u,v,0,v,M)  =  cos  0  Kj  ^c,  /u2  -  2uv  cos  0  +  v2 ;  v,M^ 

-  uv(sin  0)2F  (x,  JJ  -  2uv  cos  0  +  v2;  v,M^ 


(2-21) 


with 


F (x,y; v,M)  = 


00 

/ 


3  /  exp(-  ivA) 

-x+MR 

L  B2 


dA 

(A2  +~y2)* 


and 


«*(-  iv  i-L±JSSl)f«lSL±^; 

V  6  *  IrCx2  *  y2) 


2  2 
MB  x 


3  R3(x2  +  y2) 


,  2M(Mx  +  R)  .  M2  (Mx 

+  - ^ TT  +  IV  — = — 


D,  2  A  2.2  -2 .  2 

R(x  +  y  )  R  (x 


2  2 
B  =  I  - 


R  =  R(x 


J 2  .  a2  2 

,y,B)  =  /x  +  6  y 


+  R)  1 
+  y2)J 

(2-22) 

(2-23) 

(2-24) 


We  note  that 


K2(x,u,v,-0;v,M) 


K2(x,u,v,0;v,M) 


(2-25) 


79125 


For  analyses  of  dynamics  of  oscillating  f in-tailplane  configurations  in  an 
airstream  we  need  to  know  the  generalised  airforce  coefficients  Q  (v,M), 

pq 

p  *  1,2,3,...,  q  =  1,2,3,...,  which  are  given  by  the  expression 


Q  (v,M) 


-j  II f^1)(x,z)H^1)(x,z;v,M)dxdz 


+  -L  ll  (x,u)£^  (x,u;v,M)dxdu 


+  -At  [[  f  ^  (x,u)  (x,u;v,M)dxdu 

i2  JJ  P  9 


in  the  linearised  approximation.  The  main  purpose  of  the  present  paper  is  to 

develop  a  method  for  evaluating  numerically  the  quantities  Q  (v,M)  . 

P  >  <1 

2.2  Approximate  solution  of  the  integral  equations 


We  introduce  parametric  coordinates  on  the  surfaces  Sj,  and  as 


follows: 


(i)  On  S. 


’0  “  Cj(z0>  ^X°  ”  6’  (Z°^ 


(2-27 


TIa 

0  Sj  0 


-fer  ~  ei(z)^ 


(2-28 


(2-29 


H  =  —  z 

S1 


(2-30 


where  Sj  is  the  span  of  the  fin  Sj  ,  Cj(z)  is  the  chord  length  and  ej(z) 
is  the  x  coordinate  of  the  leading  edge  at  spanwise  position  z  . 


(ii)  On  S„ 


u 


n  «  u  (2-34) 

s2 

where  is  the  span  of  the  half-tailplane  Sj,  C2(u)  is  the  chord  length 

and  ^2^^  *s  c^e  x  coordinate  of  the  leading  edge  at  spanwise  position  u  . 

(iii)  On  S3 


where 
and  e3(u) 

Since  the  surfaces  S2 
y  *  0  we  must  have 

e3(u) 

c3(u) 

and 

S3 


(2-35) 
(2-36) 
(2-37) 
(2-38) 

is  the  chord  length 

u  . 

are  images  of  each  other  in  the  plane 


e2(u) 

(2-39) 

c2(u) 

(2-40) 

S2  • 

(2-41) 

50  =  7^)  lx0  "  e3(u0^ 

"o  =  i;uo 

?  =  7^(7)  -  e3(u)* 

1 

T1  s  —  u 

S3 

is  the  span  of  the  half-tailplane  S3>  c3(u) 

is  the  x  coordinate  of  the  leading  edge  at  spanwise  position 

and  S3 


The  oscillation  of  the  fin-tailplane  configuration  is  taken  to  be  anti¬ 
symmetric  about  the  plane  y  =  0  .  If  the  oscillation  were  symmetric  about  the 
plane  y  ■  0  ,  then  the  fin  Sj  would  be  at  rest  and  the  flow  about  the  con¬ 
figuration  would  be  symmetric.  There  would  therefore  be  no  aerodynamic  loading 
on  the  fin  and  the  presence  of  the  fin  would  not  affect  the  aerodynamic  loadings 
on  the  half-tailplanes  S2  and  S3  .  The  fin-tailplane  would  therefore  need  to 
be  treated  in  exactly  the  same  way  as  an  isolated  wing  with  dihedral  oscillating 
symmetrically.  Because  of  the  validity  of  the  principle  of  superposition  we 
then  need  to  deal  only  with  antisymmetric  oscillations  of  the  fin-tailplane. 
Accordingly  we  have 

w^(x,u;v)  *  w^2)(x,u;v)  (2-42) 

and  consequently 

*q3)(WV’M)  *  *q2)(x0’VV’M)  •  (2-43) 


) 
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The  triplet  of  integral  equations  (2-17)  to  (2-19)  reduce  to  two  independent 
ones  because  of  the  relations  (2-25)  and  (2-39)  to  (2-43).  The  two  independent 
integral  equations  may  be  written,  on  using  parametric  coordinates  for  the  inte¬ 
gration  variables  on  the  surfaces  Sj,  and  , 


ik  I  d"0  /  ‘q2>  <VV'’>M)K2I 


(*  xo  ^0 

\  s.  ’  l 


l  ’ 


£ir  +  a; 


(2-44) 


(2) 

w^  (x,u;v) 


1  ,  V  1 

S!  f  C1(Z0)  . 

__  I  __  dry 


/  ~4 ~dT]0  j  £qI>(X0’Z0;V’M)K2(“ iir  +  a;  V’M) 


1  ,  ^  1 
s2  f  C0(un) 

4ir£ 


/  ‘v  v‘-mei(--r3  ■  -r2  ■ 


exp}  -  ivI 


rar  /  /  ‘f’  <xo’uo!V,M)K2(~ra •  t  •  i  >  ’  ~ 2a! 

0  0 

l-  K^)K  ■ 


(2-45) 
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The  loading  functions  il  (xn,z~;v,M),  Jl  2  (xn,u_;v,M)  and 
(3)  q  u  u  q  U  u 

4V  ^(Xq,Uq;v,M)  satisfy  the  junction  condition 


^(Xq.Ojv.M)  +  J^2)(x0,0;v,M)  +  *<3) (x0>0;v,M)  -  0 


(2-46) 


which,  in  virtue  of  (2-43),  may  be  replaced  by 


^O(x0,0;v,M)  +  2£^2)  (x0,0;v,M)  =  0 


(2-47) 


We  wish  to  solve  the  pair  of  integral  equations  (2-44)  and  (2-45)  when  the 
normal  velocity  functions  w^'^x.zjv)  and  w^2^ (x,u;v)  are  known  for  loading 

functions  ^ (Xq,Zq{v,M)  and  £^2^ (Xq,UqJV,M)  that  satisfy  the  condition 

(2-47)  and  then  to  use  these  loading  functions  for  the  calculation  of  Q  (v,M) 

P»9 

from  formula  (2-26) .  The  integral  equations  (2-44)  and  (2-45)  do  not  have  a 
unique  solution  for  (Xq,ZqJV,M)  and  2^2^ (xq,Uq;v,M)  ,  unless  we  impose 

the  condition  that  these  latter  two  functions  vanish  at  the  trailing  edges  of 
Sj  and  S2  respectively. 

Let 


(n) 


k  =  1  (1 )n,  (2-48) 


be  n  points  £n  in  (0,1)  and  let 


(m) 


j  = 1 (1 )m,  (2-49) 


be  m  points  rig  in  (0,1)  of  which 


-  0 


(2-50) 


We 


(n)  , 


form  the  interpolation  polynomials  hv  y  (£_) ,  r  =  l(l)n,  each  of  degree 


(m) , 


(n  -  1)  in  5q  and  the  interpolation  polynomials  gg  ’  (rig) ,  s  =  l(l)m  ,  each  of 
degree  (m  -  1)  in  Hq  by  means  of  the  formulae 


hrn>  «0> 


£  -  C(n) 
^0  ^k 

,  -  (n)  ~(n) 

k=l  V*r  *k 

Mr 


n 

n 


r  =  1  ( 1 )n,  (2-51) 
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and 


„(«)  /n  \ 
g8  (nQ) 


j-1 


no  •  nj 

tA — : 

n  -  n 


(m) 

7m) 


a  ■  1 (l)m,  (2-52) 


These  interpolation  polynomials  have  the  properties 

h(„,(c<„)) 


=  6 


and 


.(m) 


(T) 


rk  * 


sj 


r-  l(l)n 
k  -  1 


(On  1 
0)n,  / 


s  *»  1  ( I  )m  1 
j  -  1  (l)m  f 


(2-53) 


(2-54) 


where  S  .  is  the  Kronecker  delta 
rk 


rk 


i: 


r  -  k 
r  /  k 


(2-55) 


We  take  an  approximation  i^^(Xg,Zg)  to  i/1 ^ (xQ,Zg;v,M)  by  means  of 


the  formula 


^l)<x0'z0)  •  c 


expf  ~r)  Z  /r-^ 

r=l  s“l 


0 

(2-56) 


-(2)  (2) 

and  an  approximation  (Xq,Uq)  to  (Xg.Ugjv.M)  by  means  of  the  formula 


n  m2 


(x  u  )  - _ 

q  U0*V  c2(u 


r= 1  s=l 


(2-57) 


The  approximation  £^(Xq,Zq)  to  (Xq>zq>v,M)  vanishes  at  the 

trailing  edge  of  the  fin  Sj  and  it  has  the  correct  singular  behaviour  near  the 

outer  edges  of  S.  except  in  the  neighbourhood  of  corners  where  there  are  weak 

1  «(2), 

singularities  not  accounted  for.  Similarly  the  approximation  l  (xq.Uq)  to 


(2), 


/(Xg,Ugjv,M)  vanishes  at  the  trailing  edge  of  the  tailplane  S2  and  it  has 
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the  correct  singular  behaviour  near  the  outer  edges  except  for  weak  corner 
singularities.  The  correct  behaviour  of  (Xq.ZqJv.M)  and  (Xq,uq;v,M) 

near  the  junction  of  the  fin  and  tailplanes  is  not  reproduced,  but  the 
singularity  not  accounted  for  is  weak.  Because  the  chords  of  the  fin  and  tail- 
plane  have  been  taken  equal  in  length  to  each  other  and  coincident  at  the 
junction  no  stronger  singularities  in  the  loadings  arise  near  the  junction. 

The  coefficients  ,  r  -  1(1  )n,  s  -  1(1  )m.  ,  and  ,  r  ■  1(1  )n, 

q;r,s  i  q;r,s 

s  *  l(l)m„  ,  are  to  be  determined  so  that  £^(xrt, z„)  and  £^(x  u.)  are 

l  q  U  U  q  U  u 

good  approximations,  in  some  sense,  to  £^'  ^  (Xq,z0;v,M)  and  £^2^  (Xq,Uq;v,M) 

respectively.  In  the  first  place,  however,  we  shall  need  to  satisfy  a  junction 

condition  of  the  form  (2-47),  ie 


^(Xq.O)  +  2£<2)(xQ,0)  -  0  ,  (2-58) 

which  can  be  satisfied  with  the  expressions  (2-56)  and  (2-57)  if  we  put 

A(l)  .  +  2A<2)  .  -  0  ,  r«l(l)n.  (2-59) 

q»r, l  q;r, l 

It  was  for  the  purpose  of  satisfying  the  condition  (2-58)  at  all  points  along  the 

junction  chord  that  the  same  value  of  n  was  taken  in  the  expressions  (2-56) 

and  (2-57)  for  £^(x-,zn)  and  £^(x  , u_)  respectively  and  the  value 

q  U  u  q  u  U  i 

was  taken  to  be  zero  in  condition  (2-50) . 

The  choice  of  location  of  the  points  r  -  l(l)n  ,  and  the  points 

} ,  8  ■  l(l)m  ,  is  somewhat  arbitrary.  In  this  Report  we  choose  the  £ , 
r  »  l(l)n  ,  to  be  the  zeros  of  a  polynomial  ^(Sq)  degree  n  in  £q  which 
is  such  that 


/  £ 


W. 


1  - 


k  ■  1 (1 )n,  (2-60) 


and  we  choose  the  n'  ,  s  ■  2(l)m  ,  to  be  the  zeros  of  a  polynomial  y  . (n~) 

6  m-  i  u 


of  degree  m  -  1  in  Hq  which  is  such  that 


/  ’o' 


Vi(”o)/r 


no  dno 


j  ■  2(l)m.  (2-61) 
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The  interpolation  polynomials  h^n^ (£q) t  r  “  l(l)n  ,  and  the  interpolation 
polynomials  g^(n0)»  s  -  1(1  )m  ,  defined  above,  then  have  very  convenient 
properties  for  our  subsequent  analysis  where  integrals  involving  these  poly¬ 
nomials  occur.  These  properties  are  that,  for  arbitrary  functions  f(SQ)  and 


k(nQ)  . 


/ 


f«0)hrn) 


r  »  1  (1 )n. 


(2-62) 


where 


r  *  1 (l)n,  (2-63) 


and 


where 


/  «v«;m)(V'TT^i"0  “  G?>k(^m))  •  <2-64> 

®  s  ■■  1  (1  )m, 

1 

^  "  f  *sm)(n0)/nr^)  dn0  *  s  =  !  (1  )m.  (2-65) 


The  approximate  formula  (2-62)  becomes  precise  when  f  (5q)  is  a  polynomial  of 
degree  <  n  in  £q  and  the  approximate  formula  (2-64)  becomes  precise  when 
k(nQ)  is  a  polynomial  of  degree  ^  m  in  rip  * 

In  Ref  11  and  elsewhere  it  is  shown  that 

C<n)  =  «  -  cos  (|^4  ,)J  r-l(l)n,  (2-66) 

and  that 

H<n)  ’  2TT1  (’  ”  ^n>)  *  r-l(l)n.  (2-67) 

No  explicit  analytical  formulae  are  available  for  the  points  8  m  2(l)m  , 

and  the  integration  weights  s  -  1(1 )m  ,  but  we  show  in  Appendix  A  how 

these  values  may  be  evaluated  numerically. 

If  we  substitute  from  (2-56)  and  (2-57),  the  approximations  £^(x0,zQ) 
and  £q2)<*0»u0)  to  (x0,z0;v,M)  and  «/2)  (xQ,u0;v,M)  respectively,  into 


20 


the  integral  equations  (2-44)  and  (2-45),  we  get  approximations  wq  ' (x,z)  and 

w(2)(x,u)  to  w(1)(x,z;v)  and  w^2) (x,u;v)  that  are  given  by 

q  q  4 

r-1  s-1 

♦  £  ■ -(-  ¥)  1 1 C.*":” <2‘68> 

r- 1  s-1 


m. 

n  1 


w^2)(x,u)  -  ^exp^^)^  Yj  Aq!i,sW^s1)(x*u;V’M) 


r=l  s-1 


n  m2 


£  M-  ¥)  E  l 


r-1  s-1 


(2-69) 


where 


w^’^x.zjv.M) 

r.s 


1 


/  hr”)(«0>Kl( 


x'xo  z"xo  'so„ 

»  5  '  w  E0  0 


(2-70) 

=  1  (1  )n 

-  1  0)m. 


w<’’2>  (x,z;v,M) 
r,8 


l 

T  /  8sm2)%)/rr^d"0 

0 

x  j 


+  a;  dC0  (2-71) 

fr  -  1  (l)n 
(s-1  (l)m- 
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W(2.D 

r,s 


(x,u;v,M) 


w<2,2) 

r,s 


(x,u;v,M) 


and 

w^2’3) (x,u;v,M) 
r,8 


For  the  purpose  of  developing  an  approximation  formula  for  the 

generalised  airforce  coefficients  Q  (v,M),  p  *  1 ,  2,  3,  . . . ,  q  «■  1,  2,  3 

P*9 

given  by  the  expression  (2-26)  we  introduce  the  two  integral  equations 


♦ 


c«(u) 
—  dn 


/ 


/x-x0 
(x,u;v,M)Kj — - — 


v 


(2-72) 

■  1  (On 

*  1 (l)mj 

(2-73) 

*=  1  (1  )n 
=  1  0  )m2 

(2-74) 

■  KDn 

■  10  )m2. 

*  •  •  •  » 


,m) 

(2-75) 


The  unknowns  Ap^(x,z;v,M)  and  A^2^  (x,u;v,M)  are  loading  functions 
on  the  fin  surface  S,  and  tailplane  surface  S.  when  the  fin-tailplane  con- 

F  I  Z 


figuration  is  in  antisymmetric  harmonic  oscillation  in  a  main  stream  of  speed  V 
in  the  direction  of  the  negative  x-axis,  the  oscillation  being  such  that  the 
scaled  normal  air  velocities  on  the  surfaces  Sj,  S2  and  S3  are  the  modal 
functions  f^  (x0>z0>,  (x0,uQ)  and  f^3)  (xQ,u0)  with 


fp3)(xo’uo)  =  f^2>(*o*uo) 


(2-77) 


However,  as  far  as  we  are  concerned,  the  unknowns  Av  '(x,z;v,M)  and 
-(2)  p 

Ap  (x,u;v,M)  are  merely  solutions  of  the  pair  of  integral  equations  (2-75)  and 
(2-76)  upon  which  we  impose  the  junction  condition 


A(I)(x,0;v,M)  +  2A(2)(x,0;v,M)  =  0 

P  P 


(2-78) 


which  is  analogous  to  the  junction  condition  (2-47),  and  appropriate  behaviours 
near  the  edges  of  Sj  and  . 

&(D  _( 1 ) 

We  take  an  approximation  A  (x,z)  to  A  (x,z;v,M)  by  means  of  the 

P  P 


formula 
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m, 

n  1 


£0)(x,z)  -  - 

p  c 


tst-(¥)  E 1  K\ LWn><'  -  — 

*  • _ 1  • _ 1 


i-1  j-1 


(2-79) 


-(2)  -(2) 

and  an  approximation  £^  (x,u)  to  £^  (x,u;v,M)  by  means  of  the  formula 


f<2)(xu)  „  _ L_ 


-(¥)  E  E 

i-l  j=l 


(n) 


O  -  Og 


(“2>(n,Q; 

J  A/l 


(2-80) 


The  approximations  £  (x,z)  to  £  (x,z;v,M)  and  £  ^(x,u)  to 

_(2)  P  P  P 

£  (x,u;v,M)  have  the  appropriate  behaviours  near  the  edges  of  S.  and  S0  . 

P  -(1)  -(2)  1  ^ 

We  shall  require  £^  (x,z)  and  £^  (x,u)  to  satisfy  a  junction  condition  of 

the  form  (2-78) ,  ie 


£p^  (x,0)  +  2£^2)(x,0)  =  0 


(2-8  r 


We  can  satisfy  this  condition  with  the  expressions  (2-79)  and  (2-80)  for 
-(1)  -(2) 

£p  (x,z)  and  £^  (x,u)  respectively  if  we  put 


A(1?  +  2A(2}  =  0  , 

p;i,I  p;i,l 


i =  1 (l)n  .  (2-82) 


•  - ( i )  -(2)  -(1) 

If  we  substitute  the  approximations  £  (x,z)  and  £  (x,u)  to  £  (x,z;v,M) 

_(2)  P  P  P 

and  £p  (x,u;v,M)  respectively,  into  the  right-hand  sides  of  the  integral 

equations  (2-75)  and  (2-76),  we  shall  get  approximations  f^(xn,zn)  and 

«(2)  (])  (2)  P  u  u 

fp  (x0*u0)  to  fp  (xQ,z0)  and  fp  ^xo,uO^  respectively. 

If  we  introduce  the  antisymmetry  conditions  (2-43)  and  (2-77)  into  the 
formula  (2-26)  for  Q^(v,M)  we  get 


Q  (v,M  )  -  —■  j  f  ^  (x,z)£^ ^  (x,z;v,M)dxdz 

“  {2  JJ  p  q 


pq 


'i 


*  ~  jj  f^  (x,u)£^  (x,u;v,M)dxdu 
1  S2 


(2-83) 


^  T 


We  take  an  approximation  6  to  Q  (v,M)  by  means  of  the  formula 

pq  pq 

Q  ”  “T  [i  (x,z)w^  (x,z;v)  +  f  ^  (x.z)^1  ^  (x,z)  -  (x.z)w^1  ^  (x.z)ldxdz 

pq  n2  JJ  \  p  q  p  q  p  q  > 

s, 

+  -%/[[  (x.u)w^  (x,u;v)  +  f  ^  (x,u)it^  (x,u)  -1^  (x,u)w^  (x,u)ldxdu 

o2  JJ  <  p  q  p  q  p  q  > 


(2-84) 


Now  we  can  show  that  the  relation 


JJ  (x,z)w^  (x,z;v)dxdz  +  JJ 


I^2^ (x,u)w^2^ (x,u;v)dxdu 

P  q 


“T  Jjf p!)(x0’Z0)£qO(x0*Z0;V*M)dX0dz0  +  4  JJ* p2)(x0’U0 


' (x0,u0;v,M)dxdu 


(2-85) 


is  true  merely  by  substituting  for  w^(x,z;v)  and  w^2^(x,u;v)  from  the 

integral  equations  (2-44)  and  (2-45)  respectively  into  the  left-hand  side  of 

(2-85)  changing  the  order  of  integration  and  then  using  the  integral  equations 

«(1)  /> (2)  .  , 

analogous  to  (2-75)  and  (2-76)  to  recover  fp  ^xo,zCp  anc^  ^x0,lu 

respectively.  Similarly  we  can  show  that  the  relation 


JJ  ^1)(x,z)w^1)(x,z)dxdz  +  JJ  Ip2)  (x,u)w^2)  (x,u)dxdu 
S,  "  *  S2 

"  “I  //fp’)(x0>Z0)£q1)(x0’Z0)dx0dz0  +  72  JJ  fp2>(x0’u0)Jq2)(x0’U0)dx0du0 


(2-86) 


is  true  merely  by  substituting  for  w^'^(x,z)  and  w^2^(x,u)  from  the  integral 
equations  analogous  to  (2-44)  and  (2-45)  respectively  into  the  left-hand  side  of 
(2-86)  changing  the  order  of  integration  and  then  using  the  integral  equations 
analogous  to  (2-75)  and  (2-76)  to  recover  fp^(xQ,z0)  and  f£2^  (x^.u^) 


79125 


79125 
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respectively.  Both  relations  (2-85)  and  (2-86)  are  expressions  of  Flax's 

2  3 

reverse  flow  theorem  ’  for  f in-tailplane  configurations. 

By  using  the  relations  (2-85)  and  (2-86)  we  can  rewrite  the  formula 

(2-84)  for  Q  as 
p,q 


3  =*  -4-  [[  {f  ^  (x,z)£^  (x,z;v)  +  f  ^  (x,z)£^  (x,z)  -  f  ^  (x,z)£^  (x,z)ldxdz 

p*9  ,2  JJ  i  p  q  p  q  p  q  ) 

s. 


(1),„  .*(!),„  _\S  (O  /„  V  _*(!),„  _vS(l) 


JJ  jff  (x,u)  if  (x,u;v)  +  ff  (x,u)if  (x,u)  -  ff  (x,u) if  (x,u)|dxdu. 

1  s2 


(2),„  0  (2)  /„  . \  c  (2)  n  (2)  _  ;(2) 


Let  us  put 


.  (2-87) 

f <X’z) 

=  if  (x,z) 

-  *f  (x.zjv.MJ 

(2-88) 

f (x.u) 

=  if  (x.u) 

-  if  (x.^v.Mj 

(2-89) 

pI)<i-,) 

-  ff  (x,z) 

-  ff  (x.z) 

(2-90) 

=  f(2)(x,u) 

P 

-  f  ^ (x,u)  . 

p 

(2-91) 

Then  formula  (2-87)  may  be  replaced  by 


Q  =  Q  (v 

pq  pq 


•M)  -  7 IJ 


6f  ^  (x,z)6£^  (x,z)dxdz 

P  q 


-  /  6f(2)(x,u)6£(2)dxdu  . 

o2  JJ  P  9 


(2-92) 


From  formula  (2-92)  we  see  that  6  differs  from  Q  (v.M)  by  a 

pq  pq 

quantity  which  is  of  the  second  degree.  If  f^(x,z)  and  f^(x,u)  were 

P  P 

exactly  equal  to  f^(x,z)  and  f^2^  (x,z)  respectively  then  Q  would  be 

exactly  equal  to  Q^(v,M)  regardless  of  the  accuracy  of  £  (x,z)  and 

£^(x,u)  .  Equally  if  £^(x,z)  and  i/2^  (x,u)  were  exactly  equal  to 

q  q  q 


26 


Z^* ^  (x,z;v,M)  and  Z^^(x,u;v,M)  respectively  then  again  Q  would  be 


0), 


exactly  equal  to  Q^(v,M)  regardless  of  the  accuracy  of  f^  (x,z)  and 
f^(x,u)  .  These  exactitudes  are  not  likely  to  arise.  However,  it  is  possible 

P  .  .  (1)  (2)  -(1)  -(2) 

to  choose  the  coefficients  A  ,  A  ,  A  .  .  and  A  .  .  ,  m  the 

q;r , s  q;r ,s  p;i,j  p;i,j 

respective  formulae  (2-56) ,  (2-57) ,  (2-79)  and  (2-80)  so  that  the  corresponding 


value  of  Q  is  stationary  for  variations  of  these  coefficients  from  the 

pq 


chosen  values,  with  the  conditions  (2-59)  and  (2-82)  being  satisfied.  It  is 


this  stationary  value  of  Q  that  will  be  taken  as  the  approximation  to 


pq 


Qp^(v,M)  in  this  work.  The  approximate  loading  functions  Z^  (Xq,Zq)  and 

Z(2)(x.,un)  are  taken  to  be  good  approximations  to  Z ^ 1 ^ (x„ , zn ; v,M)  and 
q  U  U  q  U  U 


(2) 


(Xq,Uq;v,M)  respectively  if  the  quantities  are  good  approximations  to 


pq 


Q  (v,M)  for  all  p  and  q  .  This  is  an  application  of  Flax's  variational 


pq 


principle  to  fin-tailplane  configurations. 


If  we  introduce  the  formulae  (2-56),  (2-57),  (2-68),  (2-69),  (2-79)  and 


(2-80)  for  Z^'^(x,z),  Z^2^(x,u),  w^'^(x,z),  w^(x,u),  Z^'\x,z)  and 

“(2) 

Zp  (x,u)  respectively  into  the  right-hand  side  of  formula  (2-84)  and  use  the 


parametric  coordinates  (2-29)  and  (2-30)  on  the  surface  Sj  and  the  parametric 


coordinates  (2-33)  and  (2-34)  on  the  surface  we  get 


m, 

n  1 


n  m2 


q  =  y  y  a(i?  .e(i^ .  t  y  y  2a(2?  .e(2^ . 

pq  Li  L  p^.j  q^.J  L  L  p;*.j  q^.j 


i=i  j=i 


i=l  j=i 


mi 

n  i 


n  2 


y  y  a(i>  +  y  y  2A<2>  ♦«) 

Li  Li  r,r,s  p;r,s  L  Z~  q;r,sTP;r, 


r=l  s=l 


r=l  s=l 


m,  m, 

n  1  n  1 


-  y  y  y  y  a(i>  .a(,> 

L  L  L  L  p ’ 1 » j  q;r»s 


i  =  1  j  =  1  r=l  s=l 


m ,  m„ 

n  I  n  2 


-  y  y  y  y  2a(i^ 

L  Li  L  L  p»i»j  q;r»s 


i=l  j=l  r= 1  s=l 


I 

l 
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m0  m. 

n  2  n  1 

p  r  p  r 


>  )  >  )  2a(2>  .a(1> 

L,  L,  U  L>  Pii.J  9»r»s 

i=l  j=l  r= 1  s=l 


n  2  n  2 


f  v  V  V  2A(2>  a«>  |*<2:2)  ♦  *!2:3)  i 
Li  Li  L,  Li  P;i.J  i,j;r,sl 

i=l  j=l  r=l  s=l 


(2-93) 


where 


-  T  /  8fl)<n)'PP^  /  -5 )Jr?T^')<x-z=''»  e*I>(iF)dE 

0  0 

i  =  1  (l)n,  j  = l(l)m,,  (2-94) 


1 


1 


0(2a  a  =  $  f  gfm2)(TD/i-^dn  [  hfn)(i  -O1  ? 

6 


q;i.j 


w^(x,u;v)  exp^i|^jdC 


i  -  e 

i =  1 (1 )n,  j=l(l)m2>  (2-95) 


^(0 

p;r,s 


-  x  /  g^mi)(n)/l  -  n  dn  j  h^n)  (x,  z)  exp(- ^jd^ 


r=l(l)n,  s  =  1  ( 1  )m. ,  (2-96) 


C,s  -  T  /  S<»2)(^dn  /  ^«)fF 


r=l(l)n,  s  =  l(l)m2»  (2-97) 


0  0 

{i  =  m!n*  j  =  1mm1’  (2_98) 

(r  =  1 (I)n,  s  =  I (I)m. , 


*fl!2> 

i,J  ;r,i 


jk  j  g!"j,(n)-pp;<in  /  h<n)o  -  aJLfj  -r',’s2> 


/i =  1 (l)n,  j  *  1 (l)mj , 
(r  ■  1 (l)n,  s  =  1 (l)m2> 


(2-99) 


1 


f 
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i.j  ;r,s 


^2:2) 


2 

4tr  fi. 


I  l 

f  gfm2)  (n)  ~ 0  dr)  [  h^n)(l  -  C)P^  w^2’0  (x,u;v,M)dC 

J  J  J  i  V  >  “  ^  r,s 


|i=  1  (On,  j  =  1  0)®2«  (2-100) 

lr  =  1  (l)n,  s  =  1  (Dnij , 


_f2_ 

4tt£. 


I  I 

J  gj™2^ (n)O  -  o  dn  f  hfn^(i  -  o/^w<2;2>(x,u;v,M)d, 

0  0 

|i =  1 (l)n,  j  =  1  (l)m0. 


WIN  win  2’  (2-101) 

1  (l)n,  s  =  1 (l)m2» 


<,<2!3> 

i.J  Jr,s 


=  4^  /  gjm2)(n)/T^dn  j  h< 


(n)0  -  O  r  wf2>3)(x,u;v,M)dC 


1  -  S  r ,! 

'i 

fi =  I (l)n,  j  *  1 ( 1 )m_ , 
I  r  =  1 (l)n,  s  *  1  (l)m0  . 


(2-102) 


We  eliminate  , ,  r  =  1(1  )n,  and  A*"'}  ,  i  =  l(l)n,  from  the 

expression  (2-93)  for  by  using  relations  (2-59)  and  (2-82).  The  result  of 

doing  this  is  that  we  get 


6  =  V  2A(2}  (-  6(1}  +  6(2}  )  +  V  2A(2)  (-  <|)(1)  .  +  <t>(2)  ) 

T>q  L_t  p;i»i\  q;i>i  q;i.i/  Z_»  q;r,i\  p;r,i  Tp;r,i/ 

i= 1  r=l 


m, 

n  1 


n  m2 


y  y  a<*>  .e(i> .  +  y  y  2^.  v2> . 

L>  L>  pji.j  U,  L>  p;1^ 


i=l  j=2 


m, 
n  ! 


i=l  j-2 


n  m2 


y  y  a(,>  ♦  y  y2A<2>  «(2> 

Lj  L-i  q;r,sYp;r,s  q;r,s  p;r,i 


r»l  s=2 


r= 1  s=2 


n  n 


y  y  2A(2}  ,A(2>  (-  2ip 5 1  ? 1 )  .  +  2i|)f1,2)  .  +  2<{>f2:1) 

p; 1 » 1  q;r,i\  i,i;r,l  x,i;r,i  i,i;r,i 

-  *<2’2>  -  *<2’3>  ) 
Yi, 1 ;r, 1  vi, 1 ;r, 1 / 


i=l  r=l 


:*rsV***r-W' 


i&MiKawiBKa 


i 
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n  1  n 


TTY  2A<>>  .A<2>  ,  -*<*!2> 

L_i  l_j  p;i.J  q;rJ  v  i,j  ;r,  i  i,j;r,i/ 


i=l  j “2  r= 1 
n  ^  n 


y  y  y  .A«>  .fa?-."  ,  ,  -♦jv)  .) 

Li  Lj  p;i»j  \  i,3;r,i  i,j;r,i/ 


i*0  j-2  r-1 


m. 

n  n  1 


y  y  y  ^  (*<v>  ) 

Li  Li  Li  P51*1  q;r,s\^i,l;r,s  ri,l;r,s/ 


i-I  r=l  s*=2 


m0 

n  n  2 


V  Y  Y  ia(2)  ^2^5* *2)  -  <j>f2,2)  -  iJk2:3)  ) 

Li  L  L  P« 1 » 1  q;r,s\  yi, 1 ;r,s  ri,l;r,s  i,l;r,s/ 


i= 1  r=l  s=2 


m,  m. 

n  1  n  ! 

r  r  p  r 


>  >  >  >  A(1>  .A(,)  *(,!,) 

Li  Li  Li  Li  P»1»J  q;r,sri,j ;r,i 

i»l  j=2  r=l  s=2 


m.  m. 

n  1  n  2 


-  y  yyy  2*<‘>  .*«>  *<':2> 

La  L-i  L  L  p;i.j  q;r,s  i,j;r,j 


i=l  j=2  r=l  s=2 


m.  m. 

n  2  n  I 
V-*  V-1  X- '  V~' 


-  >  >  >  )  2A(2>  .A(!>  *<V> 

Li  Lj  Li  L  pJl»J  q;r»s  i.j;r,s 

i=l  j=2  r=l  s=2 
m2  ^2 

-  Y  Y  Y  Y  2A(2^  .a(2)  (*<2:2>  +  *<v>  )  . 

Li  Li  Lj  Li  P?1»J  q;r,s\ri,j ;r,s  rx,j;r,s/ 
i=l  j*2  r= 1  s=2 


We  may  write  formula  (2-103)  for  6  as  the  matrix  formula 

pq 


Rp,]  ■  p.k»j  *  uw  -  . 


p  q-»  L'pji  q 


where 


IV  ■  [; 


A(°>  A(,)  A(2) 

P  P  P 


(2-103) 

(2-104) 

(2-105) 
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(2-106) 


(2-107) 


|(°)  p°> 


(2-108) 


(0,0)  .(0,1)  .(0,2) 


0,0)  .0,1)  .0,2) 


(2,0)  ,(2,1)  .(2,2) 


(2-109) 


[Q  ]  is  the  1  x  1  matrix  with  element  Q  , 
pq  pq 


[*'0)]  * 


is  the  row  matrix  of  n  elements  with  the  element 


in  the  ith  column; 


A(2>  , 
p;i,i 


i  *  1 (l)n,  (2-110) 


[a(,>1  i 

P 

L.  J 


is  the  row  matrix  of  n(m,  -  1)  elements  with  the  element 


in  the  n(j  -  2)  +  ith  column; 


A^1}  .  i = 1 (l)m,  j  -  2(l)m. , 

p;i,j  1 


W  1 


is  the  row  matrix  of  n^-l)  elements  with  the  element 


in  the  n(j  -  2)  +  ith  column; 


A^|  .  i  -  1  (l)n,  j  *  2(1  )m?, 

PtXtJ  L 


(2-111) 


(2-1 12) 


j 
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[.«>] , 


is  Che  column  matrix  of  n  elements  with  the  element 


in  the  rth  row  ; 


q;r,i 


r  *  1  (l)n,  (2-113) 


M  * 


is  the  column  matrix  of  n(mj  -  1)  elements  with  the  element 


in  the  n(s  -  2)  +  rth  row  ; 


q;r,s 


r»l(l)n,  s»2(l)mj,  (2-114) 


[<"]  ‘ 


is  the  column  matrix  of  n(m2-l)  elements  with  the  element 


in  the  n(s-2)+rth  row; 


q;r,s 


r  *  1  (l)n,  s  *  2(l)m2, 


(2-115) 


[.;>]  . 


is  the  column  matrix  of  n  elements  with  the  element 


in  the  ith  row; 


2^-  e(1}  ,  +  e(2}  ) 

\  q;i,  1  q;i,y 


i  =  1  (1 )n,  (2-116) 


fo”]  ‘ 


is  the  column  matrix  of  n(mj  -  1)  elements  with  the  element 


in  the  n(j  -  2)  +  ith  row; 


q;i,j 


i  »  1  (1  )n,  j  =  2(l)mj , 


(2-117) 


M  * 


is  the  column  matrix  of  n(m2~l)  elements  with  the  element 


in  the  n  ( j  -  2)  +  ith  row; 


26 (2?  . 
q;i»j 


i- l(l)n,  j -2(l)m2,  (2-118) 


[■:•’]  ■ 


is  the  row  matrix  of  n  elements  with  the  element 


in  the  rth  column; 


2 4>(1)  .  +  ) 

\  p^*1  p;r»V 


r  ■  I (1 )n,  (2-119) 
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[■:”]  • 


is  the  row  matrix  of  n(m.  -  1)  elements  with  the  element 


in  the  n(s-2)+rth  column; 


P»r»s 


r  *=  1  (l)n,  s  ■  2 ( 1 )m j ,  (2-120) 


is  the  row  matrix  of  n(m2  -  1)  elements  with  the  element 


in  the  n(s-2)+rth  column; 


2»(2) 

PJr.s 


r«  1  ( 1  )n,  8-2(l)m2>  (2-121) 


[A (0*0)]  is  the  square  matrix  of  order  n  *  n  with  the  element 

«-i22> 

>  i =  1 ( 1 )n,  r  =  1 (l)n, 

in  the  ith  row  and  rth  column; 


[A^*0]  is  the  rectangular  matrix  of  order  n  *  n(nij  -1)  with  the  element 


-  2*.(,;,)  ^f2;0 

i, 1 ;r, s  i, 1 ;r,s 


in  the  ith  row  and  n(s-2)  +  rth  column; 


=  KDn, 


1 ( 1 )n,  s  =  2(l)m) , 


(2-123) 


[a<°-2>]  is  the  rectangular  matrix  of  order  n*n(m2-l)  with  the  element 


-  +  2ip52’2)  +  2iJjf2,3)  (1  =  !f’)n* 

ri,l;r,8  i,l;r,s  i,l;r,s  (r-l(l)n, 
in  the  ith  row  and  n(s-2)  +  rth  column; 


s  =  2(1 )m2, 


(2-124) 


[A(,*0)]  is  the  rectangular  matrix  of  order  n(m.  -1)  *n  with  the  element 


a*'1:1'  ,  *  2*!1!2’  , 

yi,j;r,l  i,j ;r, I 


{; 


1  (1  )n, 

2(l)mj ,  r  -  1  (l)n. 


(2-125) 


in  the  n(j  -  2)  +  ith  row  and  rth  column; 
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[A0*0]  is  the  square  matrix  of  order  n(nij  -  1)  x  n(m^  -  1)  with  the  element 

*0.0  /i=  !<l)n»  j -2(Dm  ,  (2_i26l 

*i.j;r.s  tr-l(l)n(  s-2(l)«[,  (2126) 


in  the  n(j  -2)  +  ith  row  and  n(s-2)  +  rth  column; 


Ca°*2>3  is  the  rectangular  matrix  of  order  n(mj  -  1)  x n(m2  -  1)  with  the 


n  y) 

element  2i(i.  !  ' 


(i=  l(l)n,  j  =  2(l)m  , 

Ir  =  1  (l)n,  s  =  2(l)m‘  U 


in  the  n(j-2)+ith  row  and  n(s-2)+rth  column; 


[a(2’0)]  is  the  rectangular  matrix  of  order  n(m2-l)  xn  with  the  element 

-  *  2*i?j-r,l  {jl  !<!>S:  J  "2(,)m2-  (2-128) 

in  the  n(j  -  2)  + ith  row  and  rth  column; 


[A<2’’>]  is  the  rectangular  matrix  of  order  n(m2  -  1)  x n(mj  -  1)  with  the 


element  2i|if2!^ 
i»J ;r,i 


<i  =  l(l)n,  j  =2(l)m  , 

(r  =  1  (1  )n,  s«2(l)m2,  U  129) 


in  the  n(j  -2)  +  ith  row  and  n(s-2)  +  rth  column; 


[a(2*2)] 


is  the  square  matrix  of  order  n(m2  -  1)  xn(m2-l)  with  the  element 


<2:2)  +2*<2:3) 


2*;  ! 


s  i,j;r,s 


=  i-2f!>V  (2-130) 

(r  =  I (l)n,  s  *  2(l)m„, 


in  the  n(j-2)+ith  row  and  n(s-2)+rth  column. 


The  quantity  Q  of  formula  (2-104)  is  stationary  for  variations  of 

the  coefficients  A^'^  ,  A^2^  ,  A^J?  .  and  A^2?  .  when  these  coefficients 

q;r,a  q;r,s  p;i,J  p;i.J 

are  given  by  the  matrix  equations 


34 


and 


and  the  stationary  value  is 


[*,]  -  w'tg 


[ip]  •  [%][*] 


-l 


[O  ■ 


pq 


(2-131) 

(2-132) 

(2-133) 


The  quantity  Q  of  the  formula  (2-104),  however,  takes  the  stationary 

pq  (1)  (2) 

value  (2-133)  either  if  the  coefficients  A  and  A  are  obtained  from 

q;r,s  q;r,s 

the  matrix  formula  (2-131)  and  the  coefficients  A^ .  .  and  A^}  .  are 

p;i,j  p;i,j 

arbitrary,  or  if  the  coefficients  A^  and  A^  are  arbitrary  and  the 

(jjr  jS  Q  j  r  >  s 

coefficients  A^}  .  and  A^}  .  are  obtained  from  the  matrix  formula  (2-132), 

p;i,j  p;i,j 

as  may  be  shown  by  substitution  of  either  of  these  sets  of  coefficients  into 
formula  (2-104).  The  stationary  value  (2-133)  may  be  written  in  the  alternative 
form 

[Qpq]  ■  [»p][\]  <2-134) 

where  the  column  matrix  A  is  given  by  formula  (2-131).  The  form  (2-134) 
together  with  the  formulae  (2-56)  and  (2-57)  for  (x^.Zq)  and  (Xq,Uq) 

then  enable  us  to  write  the  stationary  value  in  the  form 


pq 


-4r  [[  f  ^  (x,z)£^  (x,z)dxdz  +  [f  f  ^  (x,u)  i  ^  (x,u)dxdu  (2-135) 

i2  Ji  P  *  i2  Ji  P  9 


which  would  be  the  formula  obtained  by  replacing  ^ (x.zjv.M^)  and 
A^(x,u;v,M  )  in  formula  (2-83)  by  the  approximations  £^(x,z)  and 

q  oo  q 

-  (2) 

fc  (x,u)  respectively.  However,  even  though  we  have  shown  that  the  stationary 
value  takes  the  expected  form  (2-135)  we  shall  evaluate  it  from  the 

formula  (2-133). 


Let  us  now  write 

f(D  _ _ l_ 

p;r,s 


s1H(n)G(m^) 
1  r  s 


cxpfe  xo>n,mi)\  (1)  (r- 

\  *■  r , s  /  p;r,s  (  s  *  1  (1  )mj , 


(2-136) 


I 
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£ 


e<2> 

pjr.s 


w(1>  . 
qu.j 


(2) 

w  .  . 
q;i.j 


_ i _  (i\>  (2,n,m2)\  .  (2) 

g  H(n)G(m2)  6XP\  *  Xr,s  J  * p;r,s 

(n)r(mi)  r\  L  i,j  /  q;i,j 


s.H;  G. 
1  i  J 


*  exp(-  "L  xf?»n»m2))e(2>  . 

h®g.2)  \  *  o  /  qu.3 


2  i  J 


r  -  1 (l)n, 
s  ■  1(1  )®2 


(2-1 37) 


i  -  1 (1 )n, 

j  -  1  (Dm,, 


(2-138) 


i *  1  (l)n, 
j  -  1 (I)m2, 


(2-139) 


where 


z<ml> 

8 

- 

8*1(1  )ffl|  , 

(2-140) 

x(l,n,mi) 

r,s 

- 

fr  -  1  (l)n, 

\s  *  1 (l)m,. 

(2-141) 

-(1 .n.mj) 

JL  •  • 

i.J 

- 

'■(‘I"1’) 

\  -  <?) 

fi  *  1 (1 )n, 

\j  -  1  (Dm,, 

(2-142) 

u(m2) 

8 

* 

s  n<m2) 
s2ns 

s -  I  (I)m2, 

(2-143) 

x(2,n,m2) 

r,s 

- 

4°"2>) 

*rW  *  e2 

s  -  1  (I)m2, 

(2-144) 

-(2,n,m2) 

i.j 

- 

4l”2>) 

(>  -  «iW) 

|  *  e,  (.<•*>) 

fi  ■  1 (l)n, 

(j  *  1  (Om2. 

(2-145) 

If  we  use  the  numerical  integration  formulae  (2-62)  and  (2-64)  to  evaluate 

«»  a*  ei!]  i*  4  in  formulae  (2-136)  to  (2-139),  respectively 

p;r,s  p;r,s  q;i,j  q»i»j 

we  get 


fd) 

p;r,s 

•A. 

f  (l)^x(*  »n»m1)  B<m)\ 

P  \  r,s  s  ) 

fr  -  1 (l)n, 
is  ■  I  (Dm, , 

(2-146) 

f(2) 

p;r,s 

A 

f  (2)/(2,n,m2)  u(m2^ 

P  \  r,s  ’  s  / 

fr  -  1  (On, 

(s  *  1  (On^, 

(2-147) 

w(,>  . 

q.i.j 

A 

W(,)fxf*  !n»°l)  V\ 

q  \  l.J  ’  J  / 

fi  *  1  (On, 

\j  *  1  (Dm, , 

(2-148) 

w(2>  . 

q;i»j 

w(2)fxf2!n*“2),  z<"2>;  v) 

q  \  i.j  ’  j  / 

f  i  ■  1  (On, 

(j  -  l(Om2. 

(2-149) 
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The  approximations  (2-146)  to  (2-149)  may  be  very  good  at  high  values 

of  n,  m.  and  m.  if  c.(z),  e.(z),  f^(x,z)  and  w^(x,z;v)  over  the 
■  z  i  1  p  q 

(2)  (2) 

planform  Sj  ,  and  likewise  C2(u),  e2 (u) ,  (x,u)  and  (x,u;v)  over  the 

planform  S2  are  continuous  functions  with  only  a  few  undulations.  There  are 

instances,  eg  control-surface  rotation  in  which  their  accuracy  is  not  as  good  as 

we  desire  unless  n,  and  m2  are  unpractically  high.  If  it  is  considered 

that  the  approximations  (2-146)  to  (2-149)  are  not  sufficiently  accurate  then 

the  full  formulae  (2-136)  to  (2-139)  must  be  used  with  the  quantities  , 

(2)  (1)  (2)  P'.r.s’ 

♦  'l  «*  e„.i  ;  and  e„.-  ;  obtained  from  (2-96),  (2-97),  (2-94)  and  (2-95) 

respectively  using  accurate  numerical  integration  schemes. 


Let 


ft’] 


be  the  row  matrix  of  n^n  elements  with  the  element 


fO 

P»r,s 


r  =  1 (l)n,  s  =  l(l)m] ,  (2-150) 


in  the  n(s  -  1)  +  rth  column; 


ft”] 


be  the  row  matrix  of  n^n  elements  with  the  element 


f(2) 

p;r,s 


r  =  1  ( 1  )n,  s=  l(l)m2,  (2-151) 


in  the  n(s  -  1)  +  rth  column; 


ft”] 


be  the  column  matrix  of  n^n  elements  with  the  element 


w<>>  . 

q;i»j 


i  =  l  (1  )n,  j  -  KDmj,  (2-152) 


in  the  n(j  -  1)  +  ith  row  and 


ft”] 


be  the  column  matrix  of  n^n  elements  with  the  element 


in  the  n(j  -  1)  +  ith  row. 


w(2>  . 

q;i*j 


i  “  1  ( 1 )n,  j  =  l(l)m2,  (2-153) 
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^E)n]  be  the  diagonal  matrix  of  order  n  *  n  with  the  element 


r  *  1 (l)n,  (2-154) 


in  the  rth  row  and  column; 


[E]]  be  the  diagonal  matrix  of  order  n(mj  -1)  *n(mj  -1)  with  the  element 


8I  (n)_(mi)  /  iv  (l,n,mi)\ 

THr  Gs  exp\  ~  xr,s  ) 


in  the  n(s-2)  +  rth  row  and  column; 


r*l(l)n,  s  =  2(l)mj,  (2-155) 


[E  J  be  the  diagonal  matrix  of  order  n  * n  with  the  element 


h<»)g(»2)  W 


r  *  1 (l)n,  (2-156) 


in  the  rth  row  and  column;  and 


[E  ]  be  the  diagonal  matrix  of  order  n(m2  “  0  x  n(m2-l)  with  the  element 


H(n)G("2)  e*p(-  £ 
r  s  r\  i  r,s  / 


r  *  1  (l)n,  s-2(l)m2,  (2-157) 


in  the  n(s-2)  +  rth  row  and  column. 


[D  ]  be  the  diagonal  matrix  of  order  n  *  n  with  the  element 


i *  1 (l)n,  (2-158) 


in  the  ith  row  and  column; 
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[D.]  be  the  diagonal  matrix  of  order  n(m  -  1)  x  n(m.  -  1)  with  the  element 


^-H<n)G<mi)  exptexf 
*  1  J  \  *  i.J  / 


in  the  n(j  -  2)  +  ith  row  and  column; 


i =  1 (l)n,  j  ■  2(l)m, ,  (2-159) 


[D  be  the  diagonal  matrix  of  order  n  *  n  with  the  element 


—  H(n) G(m2)  exDfi^  v(2,n*m2)\ 

—  H.  G,  exp^-x.  j  j 


i =  1  ( 1 )n,  (2-160) 


in  the  ith  row  and  column  and 


[D  ]  be  the  diagonal  matrix  of  order  n(m  -  1)  *  n(m?  -  1)  with  the  element 


^  Hfn)Gfm2)  expfexf2!n»m2)\ 
^  1  J  y\l  i.J  J 


in  the  n(j  -  2)  +  ith  row  and  column. 


i=  l(l)n,  j  =2(l)m2,  (2-161) 


The  matrix  [fp]  is  defined  to  be  the  row  matrix 


[f  ]  =  [f( 

L  PJ  I  P 


(1)  f(2) 

P  P 


(2-162) 


and  the  matrix  £w  ]  is  defined  to  be  the  column  matrix 


Oq]  =  Pq° 


(2-163) 


The  matrix  [e]  is  defined  to  be  the  matrix 


(2-164) 
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where  the  orders  of  the  null  matrices,  represented  by  zeros,  are  taken  to  conform 
with  the  orders  of  the  matrices  Qe  j q ] *  [e j ]  ,  [E 20 ^  an<*  D^]* 

The  matrix  [d]  is  defined  to  be  the  matrix 


M  = 


10 

0 


20 

0 

0 


(2-165) 


where  the  orders  of  the  null  matrices,  represented  by  zeros,  are  taken  to  conform 
with  the  orders  of  the  matrices  [D^J,  [Dj],  [^g]  and  [l^]* 

The  above  matrix  definitions  enable  us  to  write  down  the  formulae 


and 


Op]  =  cgw 
OJ  =  Cw  ]  . 


(2-166) 

(2-167) 


Then,  by  substituting  for  [p  ]  and  [X  ]  from  (2-166)  and  (2-167)  into  (2-133)  we 


get 


CU  ■  PJWW"MC»J 


pq 


(2-168) 


which  is  the  final  formulation  for  the  approximation  Q  to  the  generalised 

p»q 

airforce  coefficient  Q 

p.q 

Suppose  that  there  are  P  modes  of  oscillation  so  that  p  and  q  take 
values  1  ( 1 ) P  .  Let  [f]  be  the  matrix  of  order  P  x  n(mt  +1112)  obtained  by 
arranging  the  row  matrices  [f^],  P  =  1 ( 1 )P  ,  sequentially  one  below  another. 

Let  [w]  be  the  matrix  of  order  n(m^  + m2)  x  P  obtained  by  arranging  the  column 
matrices  [w^],  q  =  1 ( 1 ) P  ,  sequentially  one  alongside  another.  Let  Q  be  the 
square  matrix  of  order  P  *  P  which  has  the  element  Q  in  the  pth  row  and 
qth  column,  p  =  1 ( 1 ) P ,  q  =  1 ( 1 ) P  .  Then  we  get  immediately  from  formula  (2-168) 


[Q]  -  [f][E][A]-'[D][.] 


(2-169) 


2.3  Evaluation  of  the  loading  on  the  surfaces  Sj  and  S2 

We  can  obtain  the  approximations  £^'^(Xq,Zq)  and  (Xq,Uq)  to  the 

,(D 


loading  function  l  (x-.,  z-.;v,M)  on  the  fin  S.  and  to  the  loading  function 
q  U  U  I 


40 


(2) 

£  (Xq,Uq;v,M)  on  the  half  tailplane  S0  respectively,  in  the  mode  q  of 
oscillation,  directly  from  formulae  (2-56)  and  (2-57).  However,  we  prefer  to 
proceed  indirectly  and  obtain  first  the  values  of  ^'^(Xq.Zq)  at  the  loading 
points  on  the  fin  Sj  ,  [Xr'gn,lni^»  8^ven  by  formulae  (2-140)  and 

(2-141)  and  the  values  of  (x^.u^)  at  the  loading  points  on  the  tailplane 

S2  ,  ^x^2’n,m2\  given  by  formulae  (2-143)  and  (2-144).  The 

obtained  immediately  from  formulae  (2-56)  and  (2-57)  by  making  use  of  the 

properties  (2-53)  and  (2-54)  of  h^n^(Cn)  and  (nn)  and  are 

r  u  s  U 


jse  are 


iU)f  (l.n.m,)  (mjA  =  *  (  iv  xO  >n>°»lA  111* 

q  [r,S  s  )  cl(m  i)\  l  r ,  s  ?(n) 


r  =  1 ( 1 )n,  s  =  1 ( 1 )mj , 


(m1)A(I) 

s  q;r, s 

(2-170) 


and 


i(2) 


/(2,n,m2)  u(m2)\  =  l  f  i v  (2,n,m2)\  /'  Cr 

[r,s  •  s  )  c2(u<“2>)  V  1  r’s  )J  ^ 


l-n(m2)A(2) 
s 


r  =  1  (1 )n,  s  =  1 (l)m2. 


q;r,s 
(2-171) 


With  the  use  of  the  relations  (2-58)  and  (2-59)  we  may  write  the  two  formulae 
(2-170)  and  (2-171)  as  the  single  matrix  formula 


rg  =  i 

[F]  [Aq] 

where 

[£  ]  = 

L  q 

M 

q 

£0) 

q 

£(2) 

q 

M  = 

"Fo  0 

0  F. 
0  0 

(2-172) 


(2-173) 


0 

0 

F2J 


(2-174) 


and 
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M 


is  the  column  matrix  of  n  elements  with  the  element 

^2)(xf;n,m2)>  u,(m2))  =  -  ^q1)(xr';n,mi)‘ z!mi)) 


in  the  rth  row; 


r;(1)l  i 

_  q 


is  the  column  matrix  of  n  elements  with  the  element 


t<» 


/  O.n.mO  z(mi)\ 
\  r,s  s  J 


r  =  1  ( 1 )n,  s  =  2(l)mj , 


in  the  n(s  -  2)  +  rth  row; 


[«:■']  ■ 


is  the  column  matrix  of  n (m^  -  1)  elements  with  the  element 


£(2) 

q 


^x(2,n,m2)>  u(m2)\ 


r  =  1  (1  )n,  s=2(l  )m2  > 


in  the  n(s-2)  +  rth  row; 


[F-]  is  the  diagonal  matrix  of  order  n  *  n  with  the  element 


c,  z 


uT)J  exp 


(n)  _ 

_  h  - 

(n)  yj1  nl 


v  4  Aj  ^n) 

/  iv  x(2,n,m2A  /  1  ~  Sr 
\  1  r,  1  Jl  ^(n) 


(n)  \l '  n  1 


(m2) 


in  the  rth  row  and  column; 


D7,] 


is  the  diagonal  matrix  of  order  n(mt  -1)  xn(mj  -1)  with  the 


1 1  (  iv  ( I ,n,mi  )\  I  ^r 

)J-^r 


(mj )  jr  =  1  ( 1 )n, 
2(l)ml, 


(2-175) 
r  =  1 (1 )n, 


(2-176) 


(2-177) 


(2-178) 
r  =  1  (1 )n, 

element 

(2-179) 


is  the  n(s-2)  +  rth  row  and  column;  hnd 


42 


0  ]  is  the  diagonal  matrix  of  order  n(m2-l)  *n(m2-l)  with  the  element 


r  =  1  (l)n, 
s  =  2(l)m2> 


(2-180) 


in  the  n(s-2)  +  rth  row  and  column. 


The  zeros  in  (2-174)  represent  null  matrices  the  orders  of  which  are  taken 
to  conform  with  the  orders  of  the  matrices  [Fq],  [Fj]  and  [F2].  The  column 
matrix  [A^J  has  already  been  defined  in  formula  (2-106). 

If  we  use  the  relationships  (2-130  and  (2-167)  we  may  write  instead  of 
formula  (2-172)  the  equivalent  formula 


[«„]  -  [F][«r'[D][wj 


(2-181) 


which,  with  (2-175),  enables  us  to  obtain  £  ^  z^mi^J,  r  =  l(l)n, 

q  \  r ,  s  s  / 


=  l(l)m  ,  and  £  (2)/(2,n,m2) ,  z(m2)\  r*l(l)n,  s  =  l(l)m  ,  in  terms  of 


‘1 

quantities . 


q  \  r,s 


known 


(O 


If  now  we  express  Av‘ '  in  terms  of  £ ^ ' ^fx^ * ,n,mi ^  z^mi^)  from 

q;r , s  q  \  r,s  s  / 

formulae  (2-170)  and  in  terms  of  £^ /x^2,n’m2^  u^m2M  from  formulae 

q;r,s  q  \  r , s  ’  s  / 

« ( i ) 

(2-171),  we  may  use  formulae  (2-56),  (2-57)  and  (2-175)  to  express  i  (xq,Zq) 

»(2) 

at  any  point  (Xq,Zq)  on  the  fin  Sj  and  £  (x,u)  at  any  point  (x,u)  on  the 


£(2) 


ilplane  S2  in  terms  of  £  ^ 1  ^|x^ '  ^ r=l(l)n,  s  =  1  (l)mj ,  and 

(xf;n’m2),  u^2)j,  r=l(l)n,  s=l(l)m2,  by  means  of  the  formula 


^q0  (X0’Z0) 

= 

VvV  0 

?/2)(x,u) 

0  H2 (x,u) 

where 


[*q  )(x0’Z0)] 

^2)(x,u)J 


[G][tq] 


sO) 


(2-182) 


is  the  1  x  1  matrix  with  element  JP  (Xq,Zq)  , 

-  (2) 

is  the  1  x  l  matrix  with  element  (x,u)  , 


i 
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[H|(Xq,Zq)]  is  the  row  matrix  of  nm^  elements  with  the  element 


^Tz 


i  -e. 


TT^-^o 


(2-183) 


r  -  1  (l)n,  s  =  1  (l)mj , 


in  the  n(s-l)  +  rth  column;  and 


[H2(x,u)] 


in  the  n(s 


is  the  row  matrix  of  nm2  elements  with  the  element 

«,P(-  ip)  h<»>  (E)g(»a)  MJiZI  /r^  a->w 

r  =  1 (l)n,  s  =  1 (l)m2, 

1)  +  rth  column;  and  [g]  is  the  matrix 


(2-185) 


The  matrices  [F  ],  [Fj]»  [Fj]  have  already  been  defined  in  (2-178)  to  (2-180) 

and  the  column  matrix  [i,  1  has  been  defined  in  (2-173).  The  zeros  in  (2-185) 

9 

represent  null  matrices  the  orders  of  which  are  taken  to  conform  with  the  orders 
of  the  other  matrices  in  the  formula. 


If  [£]  is  the  matrix  of  order  n(mj  +m2~l)  *P  obtained  by  arranging  the 
column  matrices 


£(°) 

q 

q 

:<2> 


q  =  1  (DP,  (2-186) 


[X(i)  “1  .  (2) 

i  (Xq,Zq)J  and  [£  (x,u)J  are  the 

matrices  of  order  1  x  p  obtained  by  similarly  arranging  respectively  the 


matrices 


[^^(Xq.Zq)  and  (x,u)  , 


q-  1  ( 1 ) P  ,  then  we  get  innediately  from 


formulae  (2-181)  and  (2-182)  respectively  the  formulae 


u 
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and 


[i]  -  [F][A]-'[D][v] 


(2-187) 


£(1)(x0,Zo) 

Hl(x0*z0)  0 

(x,u) 

—  — 

0  H2(x,u) 

[com 


(2-188) 


where  the  matrix  [w]  has  been  defined  just  before  formula  (2-169). 

The  formulae  (2-187)  and  (2-188)  may,  of  course,  be  combined  to  give 

and  [£(2)(x,u)]  in  terms  of  [w]  directly  in  one  formula.  However, 
it  is  convenient  to  have  the  formula  (2-187)  so  as  to  be  able  to  obtain  values  of 
the  loadings  at  the  loading  points  fx^1,n,mi\  on  the  fin  S.  and  the 

x<2^>,  u«*>  on  the  half-tailplane  S2  (see  (2-140), 
(2-141),  (2-143)  and  (2-144)). 


3  NUMERICAL  INTEGRATION 

The  quantities  0(1?  .,  ,  4»p!2)  , 

q ; 1 , j  q; i, J  p;r,s’  Yp;r,s’  Yi,j;r,s’  Yi,j;r,s’ 

(2  1)  (2  2)  (2  3) 

J  _  .  to.  4.  and  to-  are  to  be  evaluated  numerically  from  formulae 

i,j;r,s  i,j;r,s 

(2-94)  to  (2-102)  so  that  the  numerical  values  of  the  elements  of  the  matrices 

[Aq],  [Vp]  and  [A]  may  be  determined.  As  we  mentioned  immediately  prior  to 

formula  (2-146),  we  may  use  the  numerical  integration  formulae  (2-62)  and  (2-64) 

for  the  evaluation  of  the  quantities  0^}  0^2}  d>^  and  d>^ 

q;i,j  q;i,j  p;r,s  p;r,s 

It  would  be  a  simple  matter,  however,  to  use  more  accurate  formulae  than  (2-62) 
and  (2-64),  involving  more  integration  points,  to  get  these  values  to  higher 
accuracy.  The  procedure  is  straightforward  and  need  not  be  discussed  here.  In 
this  section  we  shall  discuss  procedures  for  carrying  out  the  numerical  evalua- 

— 

rather  more  involved  than  is  the  aforementioned  one. 


We  shall  need  certain  formulae  for  numerical  integration.  Some  of  these 
are  derived  in  Appendix  A  and  the  others  are  assumed  to  be  well  knbwn  to  the 
reader . 

3.1  Evaluation  of 

_ LiliLil 

The  numerical  integration  over  n  will  be  carried  out  over  mj  integra¬ 
tion  points  and  the  numerical  integration  over  £  will  be  carried  out  over  nj 
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integration  points  in  the  numerical  evaluation  of  the  repeated  integral  on  the 

right  hand  side  of  the  formula  (2-98)  that  defines  .  This  integration 

(1  1) 

will  require  the  values  of  w  ’  (x,z;v,M)  at  the  integration  points  and  these 

r  >  s 

values  are  obtained  from  formula  (2-70) .  In  the  numerical  evaluation  of  the 

repeated  integral  on  the  right-hand  side  of  the  formula  (2-70)  for 

w^' ’ (x,z; v,M)  the  numerical  integration  over  nn  will  be  carried  out  over 
r  f  s  u 

Sj  integration  points  and,  for  each  of  these,  the  numerical  integration  over  £q 
will  be  carried  out  over  a  large  number  of  integration  points,  the  number  not 
being  prespecified  but  rather  determined  during  the  course  of  the  calculation. 

The  integrand  of  the  rig  integral  in  the  repeated  integral  of  formula 
(2-70)  has  a  severe  singularity  at  =  n  .  We  may  avoid  certain  numerical 
accuracy  difficulties  by  taking  the  integration  points  for  the  n  integration  in 
the  repeated  integral  of  formula  (2-98)  to  be  a  selection  of  the  integration 
points  for  the  rig  integration  in  the  repeated  integral  of  formula  (2-70)  for 
then  an  integration  point  of  one  of  the  integrals  is  never  slightly  different 
from  an  integration  point  of  the  other  integral.  Coincident  integration  points 
do  not  cause  numerical  accuracy  difficulties  for  analytical  techniques  are  used 
in  parts  of  the  process.  If  we  do  use  such  a  selection  for  the  n  integration 
in  the  repeated  integral  of  formula  (2-98)  then  it  is  not  possible  to  use 
Gaussian  numerical  integration  for  both  the  n  integration  in  formula  (2-98) 
and  the  rig  integration  in  formula  (2-70)  unless  the  number  of  points  in  both 
sets  are  the  same.  We  choose  to  use  Gaussian  numerical  integration  for  the  rig 
integration  of  formula  (2-70) . 

Let  the  Gaussian  formula  of  numerical  integration  for  the  weight  function 

£  F(tkm))gk">  <3-'> 

k=l 


The  points 

^m)  k  =  1  (1  )m,  (3-2) 


'1  -  n  and  for  m  integration  points  be 


i 

/ 


F(n)/i-n  dn  = 


where  F(n)  is  an  arbitrary  function. 


satisfy 
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P25+l (jl  ~  5k 

- . — -  =0  k- 1(1)5,  (3-3) 

1  -  c£> 

as  is  shovm  in  Appendix  A,  Pf(u)  being  the  Legendre  polynomial  of  degree  r 
in  u  .  The  integration  multipliers 

G^m)  k=  1(1)5,  (3-4) 

correspond  to  the  integration  points  (3-2)  and  their  numerical  evaluation  is 
discussed  in  Appendix  A. 

We  now  need  to  supply  an  integration  formula  for  the  weight  function 
/l  -  n  and  for  m’  integration  points  which  are  a  selection  of  the  integration 
points  (3-2).  We  can  choose  the  numbers  m'  and  m  of  integration  points 
quite  independently  of  each  other  provided  that  m'  <  m  and  then  select  the  m' 
integration  points  in  any  manner  that  we  like  from  the  m  integration  points 
.  However,  if  we  take  m'  and  m  to  be  related  by  means  of  the  formula 


% 


m  =  a(m'  +  1)  -  1 


.  (m) 


(3-5) 


where  a  is  some  positive  integer,  then  the  c'  ,  k=  1(1 )m,  may  be  arranged 

K.  / — \ 

into  (m'  +  1)  groups  of  (a-1)  consecutive  values  of  separated  by  the  m' 

values 


(m'  ,m)  _  (m) 

Xj  ”  aj 


j  =  1 (1 )m' ,  (3-6) 


which  we  take  to  be  the  m'  integration  points.  The  formula  of  numerical  inte¬ 
gration  for  the  weight  function  /I  -  r\  and  for  the  m'  integration  points 
(3-6)  then  takes  the  form 


r  m 

J  r<„)/T^;dn  -  V  f(x  • 


m) 


(3-7) 


where  the  integration  multipliers 


g: 

j 


(m'  ,m) 


j  -  1 (l)m' ,  (3-8) 
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correspond  to  the  integration  points  (3-6) .  The  details  of  the  numerical  pro- 

/_  i  — \ 

cedure  for  evaluating  the  '  are  given  in  Appendix  A. 


If 


then 


m 


m 


(3-9) 

(3-10) 


and  the  numerical  integration  formula  (3-7)  becomes  identical  with  the  Gaussian 
numerical  integration  formula  (3-1). 


If 


>  I 


(3-11) 


then  the  numerical  integration  formula  (3-7)  is  not  as  accurate  as  the  Gaussian 
numerical  integration  formula  for  m'  points  but  for  low  values  of  a  accuracy 
should  be  good. 

We  shall  also  need  the  integration  formula  for  the  £  integration  (see, 
eg  Ref  11) 

1 


where 

and 


dz 

’  L  i<n' 

/  P 

(3-12) 

p-i 

r  (n') 
p 

=  i  -  i  cosj 

P  =  1  (l)n' , 

(3-13) 

H(n>) 

P 

2*  ■  1 

Hr) 

P  =  1 (l)n' . 

(3-14) 

(2n’  +  1)  1 

Let  us  apply  the  numerical  formulae  of  integration  (3-7)  and  (3-12)  to 

the  evaluation  of  from  formula  (2-98).  On  taking  m'  =  m',  n'  =n! 

i » J 5 r, 8  i  1 

and 


m  -  fflj  «=  a  j  (m j  +  1 )  —  1  , 


where  a^  is  some  positive  integer,  we  get  the  result 


n|  *; 


*0.0  _  _1lV  V  H  (ni )  G  (m{  .fii )  (n)  (n  { )\  (mi )  /  (mi  ,mx  )\ 

vi,j;r,s  4**  L  Lj  P  9  i  \  P  /8j  \X9  J 

x  w(M>/-(nl,m;,51)>  .(mi,!!).  V>M\ 
r»s\P»9  9  / 


p-i  q-i 


(3-15) 


(3-16) 
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where 


-(n{  ,mi  ,mj ) 

p.q 


,  (“i  »®i ) 


?(  »i) 

P 


(mj  ,mi ) 

lXq 


=  1  -  £ (nl} 


(3-17) 

(3-18) 

(3-19) 


We  now  evaluate  w(1 ’ 1 Vx(ni *mi ,mi) ,  v  M\  from  formula  (2-70), 

r>s  \  p,q  q  / 

which  we  take  in  the  form 

w(l,l)/-(nl,ml,m1)  2(»i.ii) 

r,s  \  p,q  q  / 

'  T  /  Vv>M) 


/r^0  % 


(3-20) 


where 
I 


rw(sfai)-  C1'"1’-  VV>M) 


-(ni,m{,m1)_  (m{,m1)_ 

_ *o  \ _ o  j  r  ^0 

0  »  o  »  J  r  d£ 


1  “Cr 


(3-21) 


The  integral  on  the  right-hand  side  of  formula  (3-20)  is  an  improper 
integral  and  to  evaluate  it  we  separate  from  the  integrand  a  part  that  we  can 
deal  with  analytically  and  use  a  numerical  integration  formula  for  the  remainder. 

Let  us  define  the  function  1^  ( £  ,Y^mi  »nr,;v,M  )  by  means  of  the 

r  \  P  q  0  / 

formula 


i 
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where  (£,a,y,M)  is  defined  in  formula  (B-19)  of  Appendix  B,  and  the 

particular  form 


.  (3-23) 

is  obtained  from  formula  (B-53) .  Then  we  write  formula  (3-20)  in  the  form 


79125 


The  quantity 
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79125 
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We  use  the  formula  (3-32)  for  1  ’ 1  ^fx^ni  ,mi  ,ini \z  ('mi  ^  ;v,M^  to  get 

(11)  r,s  \  pq  q  / 

i|»/  !,  from  formula  (3-16).  In  order  to  be  able  to  use  formula  (3-32)  we  must 
i  *  J  5  Y » s 

be  able  to  evaluate  the  quantities 


and 


(m[  ,mi )  (Sj ) 
xq  ’  ck 

(mi.mj)  (mj 


;  v,M^  k  t 

>5l);  ».«) 


v-“)] 


n  =Y(ml»ml> 
0  Xq 


(mj.mj) 

0  Xq 


(3-33) 


(3-34) 


(3-35) 


The  quantities  (3-33)  are  obtained  from  formula  (3-21)  by  using  numerical 

integration,  the  number  of  integration  points  being  taken  large  enough  for  any 

»  _ 

desired  accuracy  to  be  attained.  When  the  formula  (3-21) 

reduces  to  formula  (B-70)  of  Appendix  B.  Tractable  expressions  for  the 
quantities  (3-34)  and  (3-35)  are  derived  in  Appendix  B  and  are  given  in 
formulae  (B—  7 1)  and  (B—  73).  Tractable  expressions  allied  to  these  were  obtained 

.  .  12 

by  Lehnan  and  Gamer  .  Their  forms  are  different  from  ours,  but  they  are 

entirely  equivalent.  Because  of  differences  in  both  form  and  notation  it  was 

thought  that  the  derivation  in  Appendix  B  in  the  spirit  of  the  present  Report 

would  be  helpful  to  a  reader.  The  original  derivation  for  steady  flow  was  given 

1 3 

by  Zandbergen,  Labrujere  and  Wouters 

3.2  Evaluation  of 

_ i,j;r,s 


We  apply  the  numerical  formulae  of  integration  (3-7)  and  (3-12)  to  the 

(2  2) 

evaluation  of  ip .  from  formula  (2-101).  On  taking  m’  =  mi,  n'  =  ni 

;r,s  z  z 

and 


m  =  m2  =  a2 (m2  +  1 )  -  1 


(3-36) 


where  a2  is  some  positive  integer,  we  get  the  result 


n2  m2 


*<2*2) 
i»J ;r,s 


rar£  Z  „<"2)G(«.;,S2)h(n)/E(nJA  <.2)/(»i.S2>\ 
^=1  '  ' 


p=l  q=l 


x  wf;2)(x^2’m2’fi2),  „  (m2  ,m2 ) ;  v>Mj 

(3-37) 

where 

-(n2 ,m2 ,m2 )  =  £  /  (m2 ,m2)\ -(n2)  +  /  (m2,m2)\ 

P.q  2\  q  /  P  2\  q  ^ 

(3-38) 

(m2,m2)  _  (m2,m2) 

q  “  2Xq 

(3-39) 

jr  (n2 )  =  J  _  A n2) 

p  p 

(3-40) 

evaluate  w^2’2^/x^n2 ,m2 ,m2) ,u(m2 »m2> ;V>M\  from  formula  (2-73), 

■ _  .  1 _ r _  • 


We  now 

which  we  take  in  the  form 

w(2,2)/-(n2,m2,£2)  (a*  .mg).  \ 

r,s  \  p,q  *  q  ’  ’  1 J 


1 

—  [  K(m2)(n  )J(n)/V(n2)  (m2 ,m2)  \ 

l  J  Ss  ^VJr  Pp  »  xq  »  n0;v»M  / 
0  ' 


/l  -  nr 


(C2>i2>-n0) 


2  %  (3-41) 


where 

J 


,w(^).  <"2,i2>-  v'”“) 

-  (x'”2-i2,-"o)2  /  -‘“’(VK.p 


/  ’  f  “  \  T  - 

-U2>m2>m2)  _v  lf(m2>®2) 

o  Uq  ■  u0 

j - - j - ;  v,M 


1  -e. 


TT-dV 


(3-42) 


We  define  the  function 


<“>*/?  (n2)  (m2  ,  m2 ) 


,n0;v,Mj 


by  means  of  the  formula 


79125 


79125 


where  (C,0;p,M)  is  given  by  formula  (3-23). 


The  formula  (3-41)  is  analogous  to  the  formula  (3-20)  and  we  evaluate  it 
similarly  to  get 
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♦  H  [4(«i”2) ,i2> -  v-))l  , . 

n0  _v(“2>“2) 

n0~xq 


vc. 


j'z«”2-S2))| 


'  =  A)2  r  P 


F(n)  -(n2)>  Qj  .  2.Ll - />M  g 


^u(m2,m2)j 


(m2) 


(x‘n2’S2>) 


m0 


-x 

k=l 

k#a2q 


5<'"2)  log 


r  (m2)  _  v  (“2  *“2) 
^k  Xq 


2  l0^x<»2.i2)\ 


§  _x(»2.s2)y 


log 


We  use  the  formula  (3-43)  for  v/2,2^x^n2  ,m2  >“2)  (m2»m2)  ;v>m\  to  get  ijjf2!2^. 

r,s  \  p,q  q  / 


to  evaluate  the  quantities. 


and 


riij. 

LanJ  r 


M 

,  _  (“2.012 ) 
q 

u 

1  _  (“2. “2) 
q 

r  u(2,2)A*(n2,m2 

r, 

,S  V  P.q 

sr  to 

be  able  to 

F<n2) 

(m2,m2) 

’P 

>  Xq  . 

r<»2> 

(m2,m2) 

’P 

>  Xq 

F(na) 

(m2,m2) 

s 

’  xq 

F<n2) 

(m2,m2) 

S 

*  Xq  * 

_  if,  _  v  (m2, m2  A  _  4 

3  V  xq  )  9 


(3-43) 


;  v,m^ 


k  ^  a2q 


(3-44) 


(3-45) 


\  =y  (m2  >®2  ) 

'0  Xq 


(3-46) 


(m2,m2) 
n0  xq 


Ln 


L 
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The  quantities  (3-44)  are  obtained  from  (3-42)  by  using  numerical  integra¬ 
tion.  Formulae  analogous  to  (B-70),  (B— 7 1 )  and  (B-73)  of  Appendix  B  are  used  to 

evaluate  the  quantities  (3-44)  when  *  y(m2»®2)  an(j  t^e  quantities  (3-45) 

k  q 

and  (3-46)  respectively. 


3.3  Evaluation  of 


^’2> 

i,i;r,s 


We  apply  the  numerical  formulae  of  integration  (3-7)  and  (3-12)  to  the 
(12) 

evaluation  of  ip .  I  /  from  formula  (2-99).  On  taking  m'  ■  m! ,  n'  ■  n!  and 
1 » J  i  r»  S  *  * 


m  =  nij  =  a](m|  +  D  ~  1 


(3-47) 


we  get  the  result 


i.jjr.s 


ni  mi 


p=l  q=l 

r,s  \  p,q  q  / 


(3-48) 


where  and  z  Cml  )  are  ,jefineci  formulae  (3-17)  and  (3-18) 

p»q  9 

Let  us  note  here  that  the  functions  w^1 ’ (x,z;v,M)  and  w^1 (x,z;v,M) 

r  j  s  r  j  s 

given  by  formulae  (2-70)  and  (2-71)  respectively,  are  both  infinite  at  z  =  0  , 

whereas  w^*^(x,z)  given  by  formula  (2-68)  is  expected  to  be  finite  at  z  *  0  . 

9  (11) 

In  view  of  formulae  (2-68)  it  would  seem  wise  to  evaluate  w  ’  (x,z;v,M)  and 

(1  2)  r,S 
w  *  (x,z;v,M)  at  the  same  points  (x,z),  and  this  is  why  the  integration 

r ,  s 

formula  (3-7)  rather  than  the  more  accurate  integration  formula  (3-1)  has  been 

( 1  2) 

used  for  the  spanwise  integration  in  getting  the  expression  (3-48)  for 

i»J » t ,  s 

We  now  use  the  expression  (2-21)  for  the  kernel  function  K2(x,u,v,0,v,M) 
in  formula  (2-71)  to  get 


60 


0  *2)[ -  <nl  *nl  »Sl ) 
r,8  \  p,q 


UiM) 


(3-49) 


where 


(n)/r(n{) 

"r  (£P  ’  *q 


79125 
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and 


^")(«pn‘>.  Vv.«) 


1  2  2  ,  (mi  ) 

T  s2T)n  +  2sisorlnX„  1  1  smct  + 


J|S2n0tZslS2Vq 


1 

x  J  h<n)(C0)Fi 


-(nx  ,mj  .mj)  _  x 

_Ei2 _ 2. 


[■ 


2  2,  (mi  ,mi ) 

s2nO  +  2slS2nOXq  Sln 


;  v,m 


(3-51) 


Let  us  write 


sl"2><V'4n)(!pn:\  x'"1'5'1 


.  n0;v,M\ 


■  I 

ji=i 


v(ml,m1)  (m2) 
Xq  ’  S l 


;  v,m^ 


i(m2)(n  ) 
8t. 


(3-52) 


and 


Xn,fcn:>.  x<":'5li.  n0;v,«) 


V  x‘";>il),  c«2>;  ».«)if2><V  (3-53) 


where  the  fc*l(l)m  ,  are  the  interpolation  polynomials  of  degree 

(fi-1)  in  Hq  given  by  the  formulae 
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5*m> (n0) 


(m) 

^0  ~  \ 

k=.  vf]  -  c® 

Y.H 


1(1)5,  (3-54) 


.  (m) 


and  the  points  ,  k  =  1(1)5  ,  are  the  integration  points  (3-2). 

On  substituting  for  ,mi \nQ;v,M^  and 

gg1112^  (no)N^n^Cpni\xqmi ’°1  \nQ;v,M^  from  (3-52)  and  (3-53)  respectively  i 
the  right-hand  side  of  formula  (3-49)  we  get 

w(1.2)/'.(ni,m;,fi1)  .Onl.Si)  v>m\ 

r»s  \  p»q  q  J 


m„ 


-  s2l  sin 


•  l  4"4?2>k")(Ep":,>  ^i2>;  ”•”) 

«.=  ! 


dno 


2  2,.  (mj  ,mi ) 

S2V2SlS2nOXq 


sin 


-  s. 


Kco.  a,2  £  x'”^,  v,h) 


«.=  ! 


s  s  n  xrm! ,5i)-(S2) 
1  2n0Xq 


ir2/(nn)/I^dn0 


S2n0  +  2slS2Vqmi,mi)  sina+ 


(3-55) 


We  use  the 


formula  (3-55)  for  w^*»2)/-(ni»ini>mi)  (mi.mj)  \  tQ  t  ^0,2) 

r’S  V  J  x»J5r’! 

from  formula  (3-48).  To  use  formula  (3-55)  we  need  to  evaluate  the  quantities 

M(n)/ r(n{) 

Mr  (^p  ■ 


(ml.Sj)  (m2)  \ 

q  ’S’  V’My  ’ 

(3-56) 

(®l»5l)  c(5z)-  V 

q  ’S’  V’M/  ’ 

(3-57) 
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-(m2) 


0  s22n2Q  *  2SjS2 


<V/]  -  n0  % _ _ 

n0x<“;'Sl)  sin  a  ♦  (s,x!-'-5l,V 


(3-58) 


»  _  _ 

Sl82Vqmi>mi)g!m2)(nQ)/l  "  n0  dn0 

S2n0  +  2slS2nOXqmi,mi)  Sin  a  +  (SlXqmi,mi>) 


(3-59) 


The  quantities  (3-56)  and  (3-57)  are  obtained  from  formulae  (3-50)  and  (3-51) 
respectively  by  using  numerical  integration  in  £q  and  the  quantities  (3-58) 
and  (3-59)  are  evaluated  by  using  numerical  integration  in  rig  . 

3.4  Evaluation  of  and  \p f2!"^ 

_ ivJir.s _ 

We  apply  the  numerical  formulae  of  integration  (3-7)  and  (3-12)  to  the 

evaluation  of  and  iji^2!^  from  formulae  (2-100)  and  (2-102) 

x,j;r,s  i»J ;r,s 

respectively.  On  taking  m'  =  m^,  n*  =  n^  and 


m  =  m2  =  a2(m2  +  1)  -  1 


(3-60) 


we  get  the  results 


n2  m2 


(2,1)  =  _2_  V  V  „(n2)  (m2,m2)  (n)  / ’(n2)\  (m2)/ (m2,m2)\ 

vi,j;r,s  /j  /j  P  q  i  \P  /  8i  Vq  / 

p=l  q=l 

x  w<2,0/-(n2,m2,52)  u(m2  ,m2)  \ 

r»s  \  p»q  q  J 


(3-61) 


n2  m2 


(2,3)  _  _^2_  V'  y  (n2)  (m2,m2)  (n) f  (n2)\  (m2)  /  (m2,m2)\ 

i»j  ;r,s  -  L  L  p  q  i  \  P  y8j  (Xq  ) 

p=l  q= 1  V  7 

x  w(2»3)/-(n2,m2,52)  u(m2,52)  \ 

r,s  \  p,q  q  J 


(3-62) 


where  x^n2>m2*®2)  ancj  u(ra2,m2)  are  defined  in  formulae  (3-38)  and  (3-39). 

p»q  q 
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.  •  (2  1 )  (2  2) 

Again  we  note  here  that  the  functions  w  ’  (x,u;v,M),  w  ’  (x,u;v,M) 

(2  3)  r  > s  r  >  8 

and  w'  *  '(x,u;v,M)  ,  given  by  formulae  (2-72)  to  (2-74)  respectively,  are  all 

.  .  8  «■  (2) 

infinite  at  u  *  0  ,  whereas  w  (x,u)  given  by  formula  (2-69)  is  expected  to 

9 

be  finite  at  u  -  0  .  In  view  of  formula  (2-69)  it  would  seem  wise  to  evaluate 

w^2* 1 ^ (x,u;v,M) ,  w^2'2^  (x,u;v,M)  and  w^2’"^  (x,u;v,M)  at  the  same  points  (x,u) 
r  j  s  r  j  s  r ,  s 

and  this  is  why  the  integration  formula  (3-7)  rather  than  the  more  accurate  inte¬ 
gration  formula  (3-1)  has  been  used  for  the  spanwise  integration  in  getting  the 

(2  n  (2  2) 

expressions  (3-61)  and  (3-62)  for  !.  and  !_  respectively. 

i,j ;r ,s 

We  now  use  the  expression  (2-21)  for  the  kernel  function  K^ix.u.vjQ.v.M) 
in  formula  (2-72)  to  get 

w(2,\)Unz,mlm2)  (m2,fi2).  v  M) 

r.s  V  p.q  ’  q  ’  ’  J 


=  -  s  j  sin 


■  /  ^’S2>-  V*) 


/I  •  no  dno 


Vo  +  2SlS2n0Xqm2,m2)  Sin  “  +  (S2Xqm2,m2)) 


-  SjA(cos  a)2  f  ggmi^(nn)Q 


x'"^,  n0;v,M) 
SlS2n0Xqm2,m2>,/l  "  n0  dn0 


Sin0  +  2SlS2n0Xqm2,m2)  Sln 


.  (3-63) 
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Let  us  now  write 
(mi) 


8, 


^,S2)-  n0:u-M) 

ml 

‘  Yj  8s”1>(4il))pi">(fp";>-  x^A>.  c‘5l);  v,M)if>><n0 

Jt=l  ' 


)  (3-66) 


and 


(mi) 


x^'i2>-  "o'*.") 


m, 


■  Y  8‘”,,(^El))<”)(Epn2).  ?«•>!  v,M)i 

d=  1 


~£mi)(nO)  *  (3_6?) 


On  substituting  for  8 ^ ^  (OP^ Y? ^n2\x ^ ; v,m\  and 

(,  ,_s  uvr\P  9  0  / 

^2,.x‘"2-"2>.n0;v,„) 


X^2  ,m2)  ,nn;v,M  J  from  (3-66)  and  (3-67)  respectively  into 


the  right-hand  side  of  formula  (3-63)  we  get 

w(2,l)/-(n2,m2,m2)  u(m2,m2).  v  M\ 

r»s  y  p,q  ’  q  ’  ’  / 


m. 


Sji  sin 


in  a  Y  8<">)(Cfl))p<n)(c<"x),  x<"2  •« 2 >,  ;«•>;  v,«) 


2=1 


I 

/ 


gjmi)(n0)/i  -  nQ  dnQ 


-  s 


[tt  +  2slS2n0Xqm2>m2)  Sin  °  +  (S2Xqm2,m2))  ] 

mi 

,*(co.  a)2  Y  g<"1>(Sfl))Q<n)(t<”;>,  x^’®2’,  cfi>;  v,m) 

2,=  1  '  ' 

x  j  BiWQaz,m2)iimi)(r]owr~  n0  dn0 

0  22  (m2,m2)  .  /  (m2,m2)\2 

_Sin0  +  2si&2nOXq  Sln  a  +  (S2Xq  j 


(3-68) 
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We  use  the  formula  (3-68)  for  1  »m2  >^2)  u^m2>™2^  ;v,m\  to  get 

r,S  l  p,q  q 

(2  1)  N 

\p.  !  from  formula  (3-61).  To  use  formula  (3-68)  we  need  to  evaluate  the 

i.jjr.s 


quantities 


Pr”>(^)'  X<"-5*>,  4Sl>i  v,m)  , 

q<n)(c<n;>,  if1'1;  ».m)  , 


(3-69) 


(3-70) 


and 


1 

If- 

Sln0 


hmi)%)A  ~  n0  % 


+  2slS2Vqm2,ln2)  310 


in  u  ♦  (s2x^'52))2 


1 

hr 

0  2 

|sln 


(m2,m2)-(mi).  j/J—  d 
1  2n0Xq _ gi  n0  an0 


0  *  2s|S2Vq“2’”2>  S‘” 


in  a  .  (s2x<"-52))2 


(3-71) 


(3-72) 


The  quantities  (3-69)  and  (3-70)  are  obtained  from  formulae  (3-64)  and 
(3-65)  respectively  by  using  numerical  integration  in  £q  and  the  quantities 
(3-71)  and  (3-72)  are  evaluated  by  using  numerical  integration  in  Hq  . 

We  now  use  the  expression  (2-21)  for  the  kernel  function  K2 (x,u, v, 9 ; v ,M) 
in  formula  (2-74)  to  get 


(2,3)/-(n2,n4,m2)  ^m^ia) 

r» s  \  p»q  q  / 


icon  2i  j  g<m2>(n0>S<">(l<ni>. 
0 


,  n0;v,M^ 


-  no  dno 


2  _  (m?,m?)  _  ,  /  (m2,m2)\2 

n0  +  2n0Xq  C°S  2a  +  VXq  ) 


-  —  (sin  2a)2 
S2 


/  C2‘i2>-  VV>M) 


v!"2’1’1'11  -  n0  d”o 


2 

n0 


+  2ngXqm2’™2^  cos  2a  + 


(x'"p>S2))2 
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where 


^  «-  2“  *  (x^li2>)2] 


/ 


r  .  '  »  -  x 

-tn2,m2,m2)  _  v 
x  xA 


?[■ 


q  +  2n0Xqm2,m2)  cos  2a  + 


(^’i2>)2] «o 


and 


^n)(5p”2).  xp2),  Vv>M) 

■  |fo  *  2"oX^’52>  2«  + 


(x(»2,52)j2] 


1 

I 


*  I  h^n)(£0)F(-^- 


fr-(n2»m2>m2)  _  . 


o  +  2n0Xqm2,m2>  COS  2a  + 


/  (m2,ra2)\2  I 

Vx<  )  J’ 


Let  us  now  write 


g("2,(n 


0^n)(K°'2)-  X^'i2>’  °0iV'M) 


(3-74) 


1  -  5r 


v,M 


T-d?o  ‘ 


(3-75) 


®2 

=  ^  ggm2)(4f2))s^)^pn').  Xqm2,52\  ^m2);  V»M) 

{.=  1 


i?2)<v 


(3-76) 
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and 


(m2)/_  w(n)/r(n2) 
s  r  \4p  *  Xq 


Z  (m2 ) /, (m2  )\  T  (n)  /r  (n2  )  (m2,m2) 

8s  )Jr  ’  xq 


r (52 ) . 
4  ’ 


8?2)(n0) 


(3-77) 


On  substituting  for  (nn) S ^(m2»™2)^  n  ;v,m\  and 

t  S  urvp  cj  u/ 

g^2^  (no)Trn^pn2^  ,xqm2,m2^  ,n0;V,M)  from  ^3-76^  and  (3~77)  respectively  into 
the  right-hand  side  of  formula  (3-73)  we  get 

w(2,3)/-(n^,52),  u (m2 » ™2 )  \ 

r»s  \  p.q  q  ) 


m0 


cos  2a 


(m2,m2)  (m2) 

Xq  »  4 


^m2)(no)/1""  no  dno 


j  r 

0  2 
no 


+  2rigXqm2  ,m2^  cos  2a  + 


-  (sin  2a)‘ 

S2 


(m2)  (r(m2)\T(n)(-(n2)  v(m2,m2)  (m2) 

’  '  >  ’  c 


I  frH&Yr 

«.=  !  ' 


V  p  ’  *q 


;  v,m^ 


j  r 

0 

n( 


n0x^2,m2)i^m2)(n0)'/i  -  nQ  dnQ 

0  +  ^oxqm2’52)  cos  2a  +  (x^2’52))2 


(3-78) 


We  use  the  formula  (3-78)  for  w^2 ’ ^°2 ’m2 ’™2 \u ^m2 ,m2^ ; v to  get 

r,s  \  p,q  q  / 

(2  3) 

<|j.  !  from  formula  (3-62).  To  use  formula  (3-62)  we  need  to  evaluate  the 

i,j;r,s 


quantities 


.(n )lr 


(m2  ,  m2 )  (m2) 

Xq  »  4 


;  v,mJ  , 


(3-79) 
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{<i2).  V>M\  _ 


(3-80) 


and 


8{m2>%)/1  ~  %  dn0 


j  r 

0  2 

n0  + 

L 


2nnx^m2’™2^  cos  2a  + 
0  q 


(  (t02>m2)Y 

V  *  J  J 


Vqm2’m2)g&m2)(^0)/1  -  rip  % 


i  r 

0  2 

> 


+  2nrix^m2,m2^  cos  2a  + 
0  q 


(x^'S 2>)2 


(3-81) 


(3-82) 


The  quantities  (3-79)  and  (3-80)  are  obtained  from  formulae  (3-74)  and 

(3-75)  respectively  by  using  numerical  integration  in  £q  and  the  quantities 

(3-81)  and  (3-82)  are  evaluated  by  using  numerical  integration  in  ru  . 

0 

4  EXAMPLES 


We  give,  in  this  section,  a  selection  of  results  of  calculations  carried 
out  on  a  number  of  f in-tailplane  configurations.  The  approximations  Q.,  to 

jk 

the  generalised  airforce  coefficients  Q^(v,M)  were  obtained  from  the  matrix 
formula  (2-169)  using  a  FORTRAN  program  constructed  for  this  purpose. 


The  f in-tailplane  configurations  considered  are  two  with  rectangular  fin 
and  half-tailplanes  and  four  with  swept-back  fin  and  half-tailplanes .  The  con¬ 
figurations  with  rectangular  surfaces  and  the  first  of  the  configurations  with 
swept-back  surfaces  are  used  to  get  results  for  comparison  with  the  author's 
previous  results.  The  second  of  the  configurations  with  swept-back  surfaces  is 
used  to  get  results  for  comparison  with  results  obtained  by  several  other 
authors.  The  remaining  configurations  are  used  to  get  results  which  show 
dependence  on  dihedral  angle  a  and  frequency  parameter  v  ,  and  for  one  of 
them  a  systematic  study  is  made  with  varying  numbers  of  chordwise  and  spanwise 
loading  functions. 

4 . 1  Rectangular  half-tailplanes  of  aspect  ratio  1  and  rectangular  fin  of 
aspect  ratio  1.  Zero  dihedral  angle  ~a 


The  planforms  of  the  half-tailplanes  and  fin  are  square  with 


(4-1) 
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where  c  is  the  chord  length  of  both  half-tailplanes  and  of  the  fin.  The  two 
half-tailplanes  are  set  in  the  same  plane  so  that  a  =  0  .  The  typical  length 
l  of  the  f in-tailplane  configuration  is  taken  equal  to  c  . 

Six  modes  of  oscillation  are  considered.  These  are  specified  by  giving 
the  functions  f^(x,z),  f^(x,u)  >  introduced  in  formulae  (2-1)  and  (2-2), 
for  q  =  1(1)6  .  These  functions  are  taken,  in  this  example,  to  be 


f 


f 


f 


f 


f 


f 


(1) 

1 


(1) 

2 


(1) 

3 


(1) 

4 


(1) 

5 


(1) 

6 


(x,z) 

(x,z) 

(x,z) 

(x,z) 

(x,z) 

(x,z) 


1  , 


X 

£  ’ 


(Sj  -  z) 


x(Sj  -  z) 


(s,  -  z)‘ 


x(Sj  -  z)‘ 


,  (2) 


:  (2) 


r  (2) 


:  (2) 


(2) 


(2) 


(x,u) 

(x,u) 

(x,u) 

(x,u) 

(x,u) 

(x,u) 


0 


0 


u 

T 


XU 

„2 


2SjU 


SjXU 


(4-2) 

(4-3) 

(4-4) 

(4-5) 

(4-6) 

(4-7) 


where  the  origin  of  coordinates  is  taken  at  the  leading  point  of  the  junction 
chord  of  the  fin  and  half-tailplanes. 

A 

Approximations  Q..,  i  =  1(1)6,  j  =  1(1)6,  to  the  generalised  airforce 
coefficients  Q.j(v,M)  for 

v  =  0.3  and  M  =  0.866 

00 


have  been  evaluated  by  taking  m^  =  4,  =  4,  n  =  3,  mj  =  4,  m^  =  4,  n]  =  3, 

n^  =  3,  aj  =  1  and  a2  =  1  . 

A 

We  write  Q..  in  the  form 

*  1  -i 


Qij 


=  Q. .  +  ivQV . 
ij  iJ 


where 


Q!  . 
ij 


and 


QV . 
U 


are  real  quantities. 


J 


(4-8) 
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This  example  is  chosen  to  be  exactly  the  same  as  example  1  of  Ref  1 ,  so 

that  we  may  compare  results.  We  must  notice,  however,  that  QV ^  of  this  Report 

is  to  be  compared  with  07. /v  of  Ref  1.  The  numerical  values  of  Q. .  , 

ij  ij 

i  =  1(1)6,  j  =  1(1)6,  obtained  using  the  present  method  are  given  in  Table  1 
immediately  above  the  corresponding  numerical  values  from  Ref  1  with  m  =  A, 
n  =  3  ,  which  are  in  brackets.  We  observe  that  the  two  sets  of  values  are  in 
good  agreement. 

4.2  Rectangular  half-tailp lanes  of  aspect  ratio  \  and  rectangular  fin  of 
aspect  ratio  1 ♦  Zero  dihedral  angle  a 

The  planforms  of  the  half-tailplanes  and  fin  are  rectangles  with 


Sj  -  c  ,  s2  =  Jc  (4-9) 

where  c  is  the  chord  length  of  both  half-tailplanes  and  of  the  fin.  Again  the 
two  half-tailplanes  are  coplanar  and  the  typical  length  £  of  the  f in-tailplane 
configuration  is  taken  equal  to  c  . 

Four  modes  of  oscillation  are  considered  by  specifying  the  functions 
f^(x,z),  f^(x,u),  q  *  1(1)4  to  be 


(x,z) 

=  1  , 

f[2)(x,u) 

=  0 

(4-10) 

(x,z) 

_  (x  -  j£) 

£  * 

f<2)(x,u) 

=  0 

(4-11) 

(x,z) 

(|S,  -  z) 

£  ’ 

f32)(x,u) 

u 

£ 

(4-12) 

(x,z) 

=  0  , 

f^2) (x,u) 

u 

£ 

(4-13) 

where  the  origin  of  coordinates  is  again  taken  at  the  leading  point  of  the 
junction  chord. 

A 

Approximations  Q.^ ,  i  =  1(1)4,  j  =  1(1)4  ,  to  the  generalised  airforce 
coefficients  for  v  =  0,  0.1,  0.2,  0.5,  0.7,  1.0  and  for  M  =  0  have  been 
evaluated  by  taking  nij  =  4,  m2  =  4,  n  =  3,  mj  =  4,  m2  =  4,  nj  =  3,  n2  =  3, 
aj  ■  1  and  a2  =  1  .  To  avoid  a  numerical  breakdown  the  value  v  =  0  is 
replaced  by  a  small  value  v  =  0.000001  . 
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This  example  is  exactly  the  same  as  Example  2  of  Ref  1,  but  only  Q.?  , 
i  =  1(1)4  ,  may  be  compared  because  these  are  the  only  quantities  available  in 
Ref  1.  We  must  notice,  however,  that  QV^  of  this  Report  is  to  be  compared 
with  Q'^/v  *  and  that  this  latter  quantity  cannot  be  obtained  from 

Ref  1  when  v  =  0  . 

A 

The  numerical  values  of  Q^>  =  1(1)4  >  obtained  by  using  the  present 

method  are  given  ia  Table  2  immediately  above  the  corresponding  numerical  values 
in  brackets  from  Ref  1  with  m  =  4,  n  =  3  .  We  observe  that  the  two  sets  of 
values  are  in  good  agreement  over  the  range  of  frequency  parameter  considered. 

4.3  Swept-back  half-tailplanes  and  swept-back  fin.  Zero  dihedral  angle  a 

In  this  example  the  planforms  of  the  fin  and  a  half-tailplane  are  as 
given  in  Fig  3  and  in  Example  3  of  Ref  1 .  The  two  half-tailplanes  are  set  in  the 
same  plane  so  that  a  =  0  .  The  typical  length  S.  of  the  f in-tailplane  con¬ 
figuration  is  taken  equal  to  the  length  DC  of  the  junction  chord  and  the  leading 
point  D  is  taken  to  be  the  origin  of  coordinates. 


Six  modes  of  oscillation  are  considered  by  specifying  the  functions 
fq'^(x,z),  f^2^ (x,u) ,  q  =  1(1)6  of  formulae  (2-1)  and  (2-2)  to  be 


fj'^(x,z)  = 


fj(2)(x,u)  = 


(4-14) 


f 


f 


f 


f 


f 


(1) 

2 


(1) 

3 


(I) 

4 


(1) 

5 


O) 

6 


(x,z) 

(x,z) 

(x,z) 

(x,z) 

(x,z) 


_x 

l  * 


(s,  -  z) 

l  ’ 

x(Sj  -  z) 


(Sj  -  z)2 


0  , 


f^^  (x,u)  =  0 

f^  (x,u)  =  -  J 


0 


slu 


(4-15) 

(4-16) 

(4-17) 

(4-18) 

(4-19) 
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Approximations  ,  i  =  1(1)6,  j  =  1(1)6  ,  to  the  generalised  airforce 


coefficients  for 


v  =  0.5  and  M  =  0.866 


have  been  evaluated  by  using  the  present  method  and  taking 


(i) 

ml 

— 

m2 

= 

4, 

n 

= 

3, 

m! 

— 

m2 

II 

■P- 

n  J 

= 

= 

3, 

al 

= 

a2 

= 

I, 

(ii) 

ml 

= 

m2 

= 

6, 

n 

= 

3, 

m! 

= 

*2 

=  6, 

ni 

=  n^ 

= 

3, 

al 

= 

a2 

= 

1, 

(iii) 

ml 

= 

m2 

= 

9, 

n 

= 

3, 

m! 

= 

m2 

=  9, 

n  J 

=  1*2 

= 

3, 

al 

= 

a2 

= 

1. 

(iv) 

ml 

= 

m2 

= 

12, 

n 

= 

3. 

m! 

= 

m2 

=  12, 

ni 

=  n’ 

= 

3, 

al 

= 

a2 

= 

1, 

(v) 

ml 

= 

m2 

= 

15, 

n 

= 

3. 

m! 

= 

m2 

=  15, 

ni 

n2 

= 

3, 

al 

= 

a2 

= 

1. 

These  numerical  values  of  are  given  in  Table  3  together  with  the 

corresponding  numerical  values  in  brackets  from  Example  3  of  Ref  1  with  m  =  4, 

n  =  3  .  One  can  see  from  Table  3  that  the  and  QV^ ,  i  =  1(1)6,  j  =  1(1)6  , 

seem  each  to  be  converging  as  and  m2  are  increased  from  4  to  15,  but  some 

of  these,  eg  >  change  quite  rapidly  with  increase  of  m^  and  m2  at  low 

values  of  m,  and  m„  .  The  corresponding  values  of  Q. .  from  Ref  1  are  seen 
12  U 

not  to  be  all  in  good  agreement  with  the  present  values.  The  values  of  ( , 

Q55,  Q5£,  and  ,  for  example,  are  in  moderately  good  agreement,  whereas 

A  A  A  A  A 

the  values  of  Q25»  Q26’  ^43’  ^45  an<*  ^46  ’  for  examPle»  are  Poor  agreement. 

4.4  The  Stark  f in-tailplane  configuration 

The  f in-tailplane  configuration  introduced  by  Stark  in  Ref  4  and  further 
considered  by  him  in  Ref  8  has  been  used  as  an  example  by  several  workers  includ¬ 
ing  the  present  author  with  the  method  of  Ref  1 .  The  configuration  taken  by 
Stark  in  Ref  8  is  exactly  the  same  as  that  taken  by  Bohm  and  Schmid  in  Ref  6  and 
differs  slightly  from  Stark's  original  configuration  in  Ref  4.  The  chords  of  the 
fin  and  half-tailplanes  at  their  junction  are  not  of  equal  length  so  we  modify 
the  Bohm  and  Schmid  fin^  to  make  these  chords  of  equal  length  and  coincident. 

The  Bohm  and  Schmid  fin  planform  is  the  planform  ABC'D  in  Fig  4  and  the 

modified  planform  is  ABTCD  .  The  Bohm  and  Schmid  tailplane  is  not  modified  and 
is  the  planform  CDEF  in  Fig  4. 

The  two  half-tailplanes  are  coplanar.  The  typical  length  l  of  the  con¬ 
figuration  is  taken  equal  to  the  span  of  the  fin,  which  is  also  equal  to  the  span 
of  each  half-tailplane,  and  without  loss  of  generality  we  take  l  =  1  .  The 
origin  of  coordinates  is  taken  to  be  the  leading  point  D  of  the  junction  chord. 
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The  x  coordinate  of  the  leading  edge  e^z)  and  the  chord  length  c^Cz) 
of  the  modified  fin  at  spanwise  position  z  are  given  by  the  formulae 

ej(z)  =  -  0.79z  0<z<l.0,  (4-20) 


Cj  (z) 


0.82  +  0.47z  -  0. 1  18(125z3  -  75z2  +  15z  -  1) 


0.82  +  0.47z 


0  £  z  «?  0.2, 

0.2  (  z  1.0. 


(4-21) 


The  leading  edge  has  not  been  modified  at  all  but  the  chord  length  has  been 
modified  in  the  region  0<  0.2  ,  the  function  Cj(z)  being  so  chosen  that 

c"(z)  is  continuous  throughout  the  interval  (0,1)  of  z  and  so  that  Cj(0)  = 
C2(0)  ,  where  c^(y)  is  defined  below.  There  is  a  requirement  that  c"(z) 
should  exist  because  it  occurs  in  formula  (B-73)  for 


The  x  coordinate  of  the  leading  edge  e2(y)  and  the  chord  length  c^(y) 
of  a  half-tailplane  at  spanwise  position  y  are  given  by  the  formulae 

e2(y)  =  0. 34y  OsysM.O,  (4-22) 

c2(y)  =  0.938  -  0.463y  0*y<1.0.  (4-23) 

Three  modes  of  oscillation  are  considered  by  specifying  the  functions 
fq^(x,z),  f^(x,u),  q  =  1(1)3  ,  to  be 


f|*^(x,z)  =  3(x  +  0.145)  , 

f[2) (x,u) 

*  0 

(4-24) 

f  2  ^  (x,  z)  =  1  , 

f22)(x,u) 

=  0 

(4-25) 

f2’^(x,z)  =  z  , 

f^ (x, u) 

=  u  . 

(4-26) 

Approximations  j »  i  =  HO 3,  j  =  1(1)3  ,  to  the  generalised  airforce 


coefficients  for 


v  =  0.6  and  M  =  0.8 
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have  been  evaluated  by  taking 


(i) 

ml 

m 

m2 

- 

4, 

n 

= 

3, 

m! 

■ 

m2 

n 

4, 

n! 

= 

n2 

* 

3, 

a. 

X 

a2 

a 

1 , 

(ii) 

°1 

at 

“2 

* 

6, 

n 

as 

3, 

m! 

■s 

m2 

» 

6, 

n! 

= 

n2 

- 

3, 

a 

s 

a2 

s 

1 , 

(iii) 

ml 

m 

m2 

SB 

9, 

n 

as 

3, 

m! 

- 

m2 

- 

9, 

ni 

n2 

3, 

a 

a  2 

25 

1 , 

(iv) 

ml 

s 

m2 

S 

12, 

n 

= 

3, 

m! 

= 

“2 

= 

12, 

n! 

= 

n2 

= 

3, 

a. 

= 

a2 

c 

I , 

(v) 

ml 

= 

m2 

* 

6, 

n 

- 

4, 

m! 

s 

m2 

= 

6, 

ni 

s= 

n2 

= 

4, 

a 

= 

a2 

= 

1 , 

(vi) 

ml 

- 

m2 

as 

9, 

n 

s 

4, 

m! 

m2 

= 

9, 

n! 

s 

n2 

= 

4, 

a. 

= 

a2 

= 

I , 

(vii) 

ml 

as 

m2 

M 

12, 

n 

- 

4, 

m! 

“ 

“2 

= 

12, 

nl 

= 

n2 

= 

4, 

a 

= 

a2 

= 

1 . 

From  their  numerical  values  in  Table  4  we  can  see  that  the  Ql.  and 

A  .  1J 

QV j  ,  i  «  1(1)3,  j  =  1(1)3  ,  seem  to  be  converging  as  nij  and  m2  are  increased 

for  fixed  value  of  n  .  Not  enough  values  have  been  obtained  to  determine  how 

the  convergence  with  increasing  n  proceeds,  but  it  is  apparent  that  changing 

n  from  3  to  4  does  does  not  affect  results  very  much. 

Values  of  (l/2ir)Q!j  and  (v/2ir)QVj,  i  =  1(1)3,  j  =  1(1)3  ,  obtained  by 
several  workers  have  been  tabulated  by  Stark  in  Ref  8.  The  values  from  Stark's 
table  together  with  the  values  obtained  using  the  present  method  with  case  (iv) 
are  given  in  Table  5.  The  values  obtained  by  the  method  of  Ref  1  by  the  present 
author  were  obtained  with  m  «  4,  n  =  3  .  The  agreement  between  all  the  values 
presented  in  Table  5  is  good. 

4.5  Swept-back  half-tailplanes  and  swept-back  fin.  General  dihedral  angle  a 

For  this  example  the  planforms  of  the  fin  and  half-tailplane  are  modifica¬ 
tions  of  the  AGARD  planforms  of  fin  and  half-tailplane^.  These  modified  plan- 
forms  are  given  in  Fig  5  and  are  such  that  there  is  a  common  junction  chord.  The 
typical  length  1  is  taken  equal  to  S2  ,  the  span  of  the  half-tailplane. 

The  origin  of  coordinates  is  forward  of  the  configuration  on  the  line  of  the 
junction  chord. 

Six  modes  of  oscillation  are  considered.  These  are  specified  by  giving 
the  functions  f^*^(x,z),  f^  (x,u)  ,  introduced  in  formulae  (2-1)  and  (2-2), 
for  q  *  1(1)6  .  These  functions  are  taken,  in  this  example,  to  be 


VO 

NJ 
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f 


f 


f 


f 


f 


f 


O) 


(0 

2 


(1) 

3 


0) 

4 


0) 

5 


0) 

6 


(x,z) 

(x,z) 

(x,z) 

(x,z) 

(x,z) 

(x,z) 


(1.2-z)2  , 

(1 .2  -  z) (x  +  0.875z  -  4.05)  , 

0.0  , 

1.0  , 

(x  -  3.70)  , 

(1.2  -  z)  , 


f> 

,(2) 

'2 

:  (2) 

'3 

:<2) 

■4 

;(2) 


:  (2) 


(x,u) 

(x,u) 

(x,u) 

(x,u) 

(x,u) 

(x,u) 


-  1 .44  sin  a  (4-27) 

-  1 .2(x  -  4.05)  sin  a 

.  (4-28) 

u  (4-29) 

-  sin  a  (4-30) 

-  (x  -  3.70)  sin  a 

.  (4-31) 

-  (u  +  1 .2  sin  a)  . 

.  (4-32) 


The  first  two  modes  are  flexible  modes,  the  third  mode  is  rolling  of  the 
tailplanes  without  any  movement  of  the  fin,  the  fourth  mode  is  sideways  transla¬ 
tion  of  the  whole  configuration,  the  fifth  mode  is  yawing  of  the  whole  configura¬ 
tion  about  the  axis  x  *  3.70,  y  =  0.0  through  D  and  the  sixth  mode  is  rolling 
of  the  whole  configuration  about  the  axis  y  =  0.0,  z  =  1 .2  (AB  in  Fig  5). 

In  Tables  6  and  7  are  presented  the  values  of  the  approximations  Q.., 
i  -  1(1)6,  j  =  1(1)6  ,  to  the  generalised  airforce  coefficients  Q..(v,M)  which 
have  been  evaluated  for  the  set  of  values 


Z.  JL  n  JL  Z. 

_  6  ’  12  ’  U  »  12  ’  6 

of  the  dihedral  angle  a  by  taking 

mj  *  mj  *  m2  -  m^  -  8  ,  n  =  nj  -  n£  *  5  ,  aj  ■  a2  =  1  , 

for  the  two  respective  pairs 


and 


v  -  0.000001  ,  M  =  0.8 

v  -  1.5  ,  M  ■  0.8 


of  frequency  parameter  and  Mach  number 
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We  see,  from  these  two  tables,  that  there  is  a  marked  change  in  most  of 
the  generalised  airforce  coefficients  with  change  of  a  at  the  two  values  of 
frequency  parameter. 

a 

In  Table  8  are  presented  the  values  of  the  approximations  Q^j>  i  =  1(06, 
j  *  1(06  ,  for  a  =  0,  M  =  0.8  and  the  set  of  values 

0.0000001  ,  0.25  ,  0.50  ,  0.75  ,  1 .00  ,  1.25  ,  1.50 

of  frequency  parameter  v  ,  which  have  been  evaluated  by  taking 

mf  =  mj  =  m2  =  =  8  ,  n  =  nj  =  =  5  ,  aj  =  a  =  1  . 

a 

In  brackets  in  Table  8  are  presented  the  corresponding  values  of  Q.., 

1 0 

i  *  1(1)3,  j  =  1(1)3  ,  obtained  by  Nayler  and  Doe  for  the  set  of  values 


0.001  ,  0.75  ,  1.25  ,  1  .50 


of  v  by  using  their  doublet  lattice  method  with  12  locations  chordwise  and 
8  spanwise  on  each  surface.  The  agreement  of  the  two  sets  of  results  is  good 
for  practical  purposes,  the  agreement  being  a  trifle  better  at  the  lower  values 
of  the  frequency  parameter  v  than  at  the  higher  values. 


In  Table  9  are  presented  the  values  of  the  approximations  ^ ,  i  =  1(1)3, 
1(1)3,  to  the  generalised  airforce  coefficients  Q^(v,M)  for 


=  1.5 


M  =  0.8 


and 


=  0 


which  have  been  evaluated  by  taking 

mj  =  mj  =  m2  =  m’  ,  n  =  nj  =  n’  ,  af  =  a2  =  1 

for  a  number  of  combinations  of  nij  and  n  in  the  ranges  3  4  m,  4  10, 

3  <  n  ^  8  .  From  this  table  the  nature  of  the  convergence  of  the  quantities 

A 

with  increase  in  the  values  of  nij  and  n  may  be  observed. 

Most  of  the  quantities  Q!^  and  QVj ,  i  =  1(1)3,  j  =  1(1)3  seem  to  be 
convert  ng  as  mj  and  n  are  increased  even  though  the  convergence  is  not  as 
rapid  as  it  is  for  isolated  wing  generalised  airforce  coefficients.  However, 
the  convergence  of  Q22  on  its  own  appears  to  be  quite  poor,  but  the  quantity 
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Q22  must  be  viewed  in  conjunction  with  the  quantity  Q22  »  which  is  numerically 

a 

much  larger  than  ,  and  the  convergence  of  Q'^  is  relatively  good.  It  may 

A 

be  noted  that  changes  sign  for  a  small  negative  value  of  the  dihedral  angle 

a  ,  as  can  be  seen  from  Table  7,  and  possibly  this  may  account  for  the  relatively 

A 

large  proportional  changes  in  Q22  >  when  and  n  are  changed,  in  comparison 

with  the  converged  value. 


In  Table  10  are  presented  the  values  of  the  approximations  j *  i  =  I  (1)3, 
j  *  1(1)3  ,  to  the  generalised  airforce  coefficients  (v,M)  for 


v  =  1.5,  M  =  0.8  and  a  =  0 


which  have  been  evaluated  by  taking 

ni|  =  m|  =  m2  =  m2  ’  n  =  nj  =  n^  =  3  ,  a]  =  a^  =  a 

for  a  number  of  combinations  of  m^  and  a  in  the  ranges  4  .<  m^  £  8, 

1  ^  a  «  4  .  From  this  table  the  nature  of  the  convergence  of  the  quantities 
Q„  with  increase  in  the  value  of  for  a  given  value  of  a  may  be 

observed.  From  the  numbers  presented  in  Table  10  it  is  difficult  to  say  whether 
or  not  the  convergence  is  the  more  rapid  the  higher  the  value  of  a  . 

A 

In  Table  11  are  presented  the  values  of  the  approximations  , 

i  =  1(1)3,  j  =  1(1)3  ,  to  the  generalised  airforce  coefficients  Q^j(v,M)  for 

v  =  1.5,  M  =  0.8  and  a  =  0 

*  OO 

which  have  been  evaluated  by  taking 

=  mj  ,  m2  =  m^  ,  n  =  nj  =  n^  =  3  ,  a]  =  a2  =  1 

for  a  number  of  combinations  of  mj  and  m2  in  the  ranges  3  <  E|  v<  6, 

3  <  m2  <  6  . 

For  this  example,  Table  11  shows  that  increase  of  with  m2  fixed  has 

A  a  •  . 

less  effect  on  the  quantities  than  does  increase  of  m2  with  mj  fixed. 

4.6  Second  case  of  swept-back  half-tailplanes  and  swept-back  fin.  General 
dihedral  angle  a 

For  this  example  again  the  planforms  of  the  fin  and  half-tailplane  are 
modifications  of  the  AGARD  planforms  of  fin  and  half-tailplane^.  The  whole 
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configuration  corresponds  to  the  AGAR D  low  tailplane  case  turned  upside-down. 
The  modified  planforms  are  given  in  Fig  6  and  are  such  that  there  is  a  common 
junction  chord.  The  typical  length  l  is  taken  equal  to  s^  ,  the  span  of  the 
half-tailplane.  The  origin  of  coordinates  is  forward  of  the  configuration  on 
the  line  of  the  junction  chord. 

Again  six  modes  of  oscillation  are  considered  by  specifying  the  functions 
f^(x,z),  f^(x,u),  q  =  1(1)6  to  be 


(x,z) 

= 

2 

z 

f (x,u) 

= 

0.0 

(4-33) 

(x,z) 

3 

z(x  -  0.875z  -  3.0) 

f^2)(x,u) 

= 

0.0 

(4-34) 

3^  (x,z) 

* 

0.0 

f^ (x,u) 

= 

u 

(4-35) 

:^(x,z) 

3 

1 .0 

f^2) (x,u) 

= 

-  sin  a 

(4-36) 

5(1)(x,z) 

3 

x  -  3.70 

f5(2)(x,u) 

= 

-  (x  -  3.70)  sin  a 

(4-37) 

£ 1 } (x , z) 

3 

z 

f£2)(x,u) 

= 

u 

(4-38) 

These 

six 

modes  are  closely  related  to  the 

six 

modes  of  Example  4.5. 

The 

same  remarks  can  be  made  about  the  first  four  modes.  The  fifth  mode  is  yawing  of 
the  whole  configuration  about  the  axis  x  =  3.70,  y  =  0.0  through  A  in  Fig  6 
and  the  sixth  mode  is  rolling  of  the  whole  configuration  about  the  junction 
chord  y  »  0.0,  z  =  0.0  . 

In  Table  12  are  presented  the  values  of  the  approximations  Q  .j ,  i  =  1(06, 
j  ■  1(1)6  for 

v  «  0.0000001  and  M  =  0.8 

which  have  been  evaluated  for  the  set  of  values 

JL  JL  n  JL  Z. 
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of  the  dihedral  angle  a  by  taking 
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=  mj  =  m7  =  =  8  ,  n  =  nj  =  =  5  ,  a^  =  a?  =  I 


When  the  value  of  v  of  the  last  case  is  changed  from  0.0000001  to  1.5 
without  any  other  change  the  values  presented  in  Table  13  are  obtained. 
For  the  special  case  of  zero  dihedral  angle  a  and  the  set  of  values 


0.0000001 


0.25  ,  0.50  ,  0.75  ,  1.00  ,  1.25  , 


1  .50 


of 


v  and  again  without  any  other  change  the  values  presented  in  Table  14 


are  obtained.  In  brackets  in  Table  14  are  presented  the  corresponding  values  of 
Q.j,  i  =  1(1)3,  j  =  1(1)3  ,  obtained  by  Nayler  and  Doe '  ^  for  the  set  of  values 


0.001 


0.75 


.25  , 


1  .50 


of  v  by  using  their  doublet  lattice  method  with  12  locations  chordwise  and  8 
spanwise  on  each  surface.  As  in  Example  4.5  the  agreement  of  the  two  sets  of 
results  is  good  for  practical  purposes,  the  agreement  being  rather  better  at  the 
lower  values  of  the  frequency  parameter  v  than  at  the  higher  values.  In  this 
connection  it  may  be  noted  that  the  authors  of  the  doublet  lattice  method  do  not 
recommend  its  use  above  v  =  1.50  . 

5  CONCLUSIONS 

A  development  of  the  at  hor's  previous  theory'  for  calculating  the  subsonic 
oscillatory  airforce  coefficients  for  f in-tailplane  configurations  has  been 
carried  out  for  arbitrary  frequency  parameter  and  Mach  number.  The  results 
obtained  show  good  convergence  of  the  values  of  the  airforce  coefficients  when 
the  numbers  of  terms  in  the  approximations  to  the  loading  distributions  on  the 
fin  and  half-tailplane  surfaces  are  increased.  However,  the  incorporation  of 
higher-order  integration  techniques  (a.  j  >1,  a0  >  1)  did  not  lead  to  significant 
improvements  and  the  low-order  technique  (a ^  =  1,  a^=  1)  with  adequate  numbers  of 
terms  in  the  loading  distributions  is  therefore  recommended. 

Results  obtained  for  the  Stark  f in-tailplane  configuration  using  the 
present  theory  with  3  chordwise  and  12  spanwise  basic  functions  in  the  loading 
compare  well  with  corresponding  results  obtained  by  other  workers.  Results 
obtained  for  other  configurations  illustrate  the  effect  on  the  values  of  the 
generalised  airforce  coefficients  of  setting  the  half-tailplanes  at  a  number  of 
different  dihedral  angles. 
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Appendix  A 

NUMERICAL  INTEGRATION  FORMULAE 

In  this  Appendix  we  show  how  to  evaluate  the  integration  points  n 

,(m) 


(m) 


s  -  l(l)m  ,  and  the  integration  multipliers  ,  s  =  l(l)m  ,  of  the  numerical 

integration  formula  (2-64),  the  integration  points  ,  k  =  l(l)m  ,  and  the 

integration  multipliers  G^1^  of  the  numerical  integration  formula  (3-1),  and 
also  the  integration  points  Xj™  ,m\  j  =  1(1 )m'  ,  and  the  integration 
multipliers  G^111  ,  j  =  1(1  )m'  ,  of  the  numerical  integration  formula  (3-7). 


Let  Yr(p,q»n) ,  r  =  0,  1,  2,  ...,  in  which  p  and  q  are  constant  para¬ 
meters,  be  polynomials  of  degree  r  in  n  which  satisfy  the  orthogonality 
relations 

1 


,(p»q»u)Y  (p,q>n)nq  '(i-n)pqdn  =  o 


r  ^  s .  (A—  1 ) 


The  parameters  p  and  q  are  taken  to  satisfy  the  inequalities 


q  >  0  ,  p  >  q  - 


(A-2) 


so  that  the  integrals  in  (A-l)  exist. 

The  polynomial  Yr(p,q,n)  has  r  zeros  in  (0,1)  because  nq  * (1  -n)P  q 
is  positive  in  (0,1).  We  denote  these  zeros  by  n^(p,q,r),  k  =  1(1 )r  .  Then 

Yr(p,  q>  nk(p»q»r))  =  0  ,  k=l(l)r.  (A-3) 

Let  the  quantities  G^(p,q,m),  k  =  1(1 )r  ,  be  defined  by 


Gk(p,q,m) 


[h  Ym(P’q’n)] 


Ym(p’q’n)  q— 1 / ,  x  p-q , 

- r-r-  (1  -  n)  dn 

(n  -  nk(p,q,m)j 


(A-4) 


n=nk  (p ,  q  ,m) 


Then  we  have  the  Gaussian  formula  of  numerical  integration 
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j  m 

J  F(r,)nq  '(1  -  p)P  qdr)  =  F  (p ,q ,m))  Gk (p ,q ,m) 

0  k=l 


(A-5) 


The  formula  (A-5)  is  obtained  by  replacing  F(n)  in  the  integral  on  the  left  by 
a  polynomial  of  degree  n  -  1  in  n  ,  which  has  the  values  F  (p,q,m)^  at 

the  points  n  =  n^.(p,q,m),  k  =  1(1  )m  ,  and  integrating. 

The  polynomials  Y  (p»q»h)  may  be  taken  to  be  the  Jacobi  polynomials 
(see  Ref  14) 


Yr(p,q,n) 


r  (r  +  i)r(P  +  r  +  j)r  (q)  j 

r(j  +  i )r (r  -  j  +  i)r(P  +  r)r(q  +  j) 


r(q) 


r(q  +  n) pq  1 (1  -  n)P  q  dpr 


]  • 


(A-6) 


They  can  be  shown  to  satisfy  the  recurrence  relations 


and 


irr(p,q»n)  +  |Ar(p,q)n  +  Br (p,q)|Yr_,  (p,q,n) 

-  -ji  +  hr (p,q)[yr_2(p>ci>n)  =  o  x>,i ,  (A-7) 


n(l  -  n)  ^  Yr(p,q,n)  +  r<jn  -  Cr (p,q)j>Yr  (p,q. 


n) 


+  rCr (p,q)Yr_,  (p,q,n)  -  0  r>/0,  (A-8) 


where 


Af(p,q) 


(2r  +  p  -  1 )  (2r  +  p  -  2) 
(r  +  p  -  1  )  (r  +  q  -  1  ) 


(A-9) 


\Cp.q) 


(r  -  1 )  (r  +  q  -  2)  ,  r(2r  +  p-2) 

(2r  V p  -~T)  Ar(p'q)  '  "(r  +  p-Tr 


(A-l 0) 


(A-ll) 


With  the  starting  values. 
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Y0(p,q,q)  =  i 

(A- 12) 

Yq(p»q.n)  =  l  -  h 

(A-l 3) 

we  obtain  all  the  functions  Yr(p»q»h)>  r  ,  from  the  recurrence  relations 
(A-7) .  The  derivatives  (d/drOy^  (p,q,n) ,  riO  ,  are  then  obtained  from  the 
relation  (A-8) . 

The  integration  points  n^(p,q,m)  in  formula  (A-5)  must  now  be  determined 

as  the  zeros  of  y  (p,q,n)  and  then  the  integration  multipliers  G,  (p,q,m)  may 
in  K 

be  determined  from  formula  (A-4) . 


We  determine  a  first  zero  of  Yr(p»q>h)»  r>l  >  straightforwardly  by  taking 
any  trial  value  and  applying  Newton's  iterative  scheme  to  get  a  sequence  of 
values  converging  to  a  zero  which  we  take  to  be  ri|(p,q,m)  .  We  then  determine 
the  other  zeros  by  means  of  the  following  process.  Suppose  the  k  zeros 


Hj (p,q,m) ,  j  =  l(l)k  ,  have  been  determined, 
means  of  the  formula 


We  form  the  function  f(n)  by 


f  (n)  = 


Ym(p,q»n) 


A. 

yj  (n  -  hj  Cp,q,m)) 

j-1 


(A- 14) 


The  function  f(n)  is  a  polynomial  of  degree  (m  -  k)  in  n  and  it  has  the 
(m  -  k)  zeros  nj(p,q,m),  j  =  k+  l(l)m  .  We  can  determine  a  zero  of  f(n)  by 
taking  any  trial  value  and  applying  Newton's  iterative  scheme  to  get  a  sequence 
converging  to  a  zero,  which  we  take  to  be  n,  , (p,q,m)  .  Thus  if  n  is  an 
approximation  to  rijc+](p,q>m)  ,  then  the  next  approximation  in  the  iterative 

scheme  is  given  by 


f  (na) 

%  =  na  "  f'(n  ) 


=  na  ' 


Ym(P,q,ha) 


fcvp-q'r')]^  •  Yj 


j=1  K  '  Tlj  <P,q,m)) 


.  (A- 1 5 ) 
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All  the  zeros  nj(p,q,m),  j  =  l(l)m  ,  may  then  be  determined,  and,  if  it  is 
desired,  reordered. 

To  determine  the  integration  multipliers  G^(p,q,m)  from  formula  (A-4)  we 
write  (A-4)  as 


Gk(p.q»m) 


h  Ym(p’q’T 


wm(p»  q>  nk(p,q,m))  (A-16) 


ln=nk(p,q,m) 


where 


„  ,  .  f  JYr(p’q’V  -  Yr(p,q,n)|  , 

Wr(P.q.n)  =  J  - j— -ft - n0  O  -  r^)1 

A  W 


(A- 1 7 ) 


From  (A-17)  we  get  directly 


Yr_1(P.q»rl)Wr(p,q,n)  -  Yr(p,q,n)Wr_j  (p,q,n) 


{Yr_, (p,q,n)Yr(p,q,n0)  “Yr(p,q,h)Yr_1 (p,q,n0> f 


(no  ■  n) 


(A-\ 8) 


If  we  use  the  recurrence  relation  (A-7)  to  express  Yr(p»q»n0)  in  terms  of 
Yr_i  (p>q»r'0)  and  Yr_2(P»q.rio)  and  to  express  Yr(p,q,n)  in  terms  of 
Yr_i  (p »*1» and  Yr_2(p,q,n)  in  the  right-hand  side  of  (A-18)  we  get 

Yr_i  (p»q»n)Wr (p,q,ri)  -  Yr  (p  ,q ,  n)  W^j  (p,q,n) 


=  -  Ar(p,q)Yr_, (p,q,n)  J  Yr_, (p,q>n0)nq  1 O  -  nQ)p  qdnQ 

0 

.  .  f1  Ur-2(P»q»n)Yr-l<'p’q’n0)  -Yr-l(p,q,r')'Yr-2(p’q,ri0^ 

-  V  +Br(p,q)j  J  - 5 - 


*  -  n0)p-qdnQ 


Dr(p,q) jYr_2(p,q,n)Wr_) (p,q,n)  -  Yr_j (p,q,n)Wr_2(p,q,n)}  r  >2.  (A-19) 
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where 


Dr(P.q)  =  -  (l  +  Br(p,q)) 


(r  -  1)  (r  +  p  -  q  -  1)  (2r  +  p  -  1) 
(r  +  p  -  0  (r  +  q  -  1)  (2r  +  p  -  3^ 


(A-20) 


For  r  =  1  the  relation  corresponding  to  (A— 19)  is 

Y0(p»q»n)Wj (p,q,n)  -  y, (p,q»n)w0(p,q,n) 

j 

=  -  Aj  (p,q)v0(p,q,n)  J  Y0(p,q,n0)nq  ’  O  -  nQ)P  qdnQ 


■  -H*!  -vp~H 

0 


(A-21 ) 


If  we  use  relationship  (A— 19)  repeatedly,  followed  by  relationship  (A-21), 


we  get 


Yr_! (p>q»n)Wr(p,q,n)  -  Yr(p»q,n)Wr_1 (p,q,n) 


Ds(p>q) 


s=2 


|Y0(p,q,n)w] (p,q,n)  -  y, (p,q,n)w0(p,q,n) 


=  _  (P  + 


Dg(p,q) 


s=2 


J  n0_I  (’  ”  ’  r*2-  XA-22 ) 


On 


dividing  equation  (A-22)  through  by  Yr_j (p»q»n)Yr (p,q,n)  and  equation 


(A-21)  through  by  YQ(p>q>n)Yj  (p,q,n)  we  get  the  equations 


«r(p,q,n)  «r_1(p,q,n) 

Yr(p,q,n)  Yr_,  <!p.q,n) 


r 

Dg(p,q) 

S-4 

l 

(p  +  1)  [  q-l  ,,  .p-q.  >  s°2 _ I 

q  j  n0  n0)  dn0  Yr(p,q,n)Yr_j (p,q, 


n)  * 
r  i.2,  (A-23) 
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and 


W1  <P»q>n)  _  WQ(P»q>rl)  _  _  (p  ♦  1)  f  q 
Yj  (p.q.n)  Y0(p,q,n)  q  J  n0 


1  ( 1  -  nn)p  qdnn  — t - J — 7 - r-  . 

o  o  y, (p,q,n)Y0 (p.q.n) 


(A-24) 


On  summing  the  equations  (A-23),  r  =  2(1 )m,  and  (A-24)  we  get 


Wffl(p,q,n)  w0(p,q,n) 


Ym (p.q.n)  Y0(p,q,n) 


(p  +  1)  f  q-1  , .  .p-q ,  {  1 

q  n0  V  n0l y,  (p,q.nW0(p,q,n)  + 


r 

■ 

m 

Ds(p.q) 

i  _  _  .  V 

S=i 

[ 

r=2 


mi  2.  (A-25) 


Then,  from  (A-24)  and  (A-25)  we  get 


Wj  (p.q.n)  = 


Wq  (p.q.n) 
y0Tp.q.n) 


1 

-  [  nrlo 


q  J  '0 
0 


*V  dno  yn(p,q,n)  ’ 


(A-26a) 


w2  (p.q.n) 


=  Y2(p.q.n) 


wn  (p.q.n) 


0vp,q’  (p  +  1)  I  q-1/,  ,p-q, 

^TpTqTnT  "  q“  J  no  °'V  dno 


1 


Yj (p.q,n)Y0(p,q,n) 
o2(p,q) 


0 


,  (A-26b) 
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w(p,q,n) 

m 


Ym(p,q,n) 


w0(p»q.q)  (p  +  d  r  q_.  _  p_q 

Yn(p,q,n)  q  i  n0  n0  n0 


Ds(p»q) 


"f  IUX 

(p.q»n)Y0(p,q,n)  Yr (p,q»n)Yr_ 

r=2 


,  (p.q.n) 


m 

Dg(P»q) 

l 

(p  +  1)  q-l/,  ,p-q,  \ s=2  I  _  „  x 

- 1 -  (1  -  nA)  “Hr,  - 7 - T-  »  m  i  3 .  (A-26c) 

q  0  ‘O'  ‘0  Ym_,  (p.q.n) 


By  using  the  formula  (A-20)  for  Dr(p*q)  we  can  show  that 


m 


n 

s=2 


Dg(p.q) 


(2m  +  p  -  1 )  T  (m)  r  (m  +  p  -  q)  V  (1  +  q)T(l  +  p) 
(p  +  1 )  T(m+q)  T  (m  +  p)  r(l+p-q) 


(A-27) 


mil. 


and  we  have  immediately  that 


1 


(2m  +  p  -  1 )  T  (m)  T  (m  +  p  -  q) 

Tp+n  r(m  +  q)  T  (m  +  p) 


r(i  +  g) r ( i  +  P)1 
r(i  +  p  -  q)  4,, 


(A-28) 


By  using  formula  (A-8)  we  can  show  that 


Ym—  1  (p *  q*  \^P>cl»ln))  =  " 


roCjp.q) 


n0  ~n)  ch  VP’q’n) 


=nk(p,q,m) 


(A-29) 


By  using  formulae  (A-27),  (A-28)  and  (A-29)  in  (A-26a) ,  (A-26b)  or  (A-26c)  we  can 
obtain  an  expression  for  Wm(p,q,nk(p,q,m)) ,  m  i  1  ,  for  substituting  into 
formula  (A-16)  to  get 


Gk(p,q,m) 


m(2m+  p  -  1)  r  (m)  r  (m  +  p  -  q)  r(l  +  q)r(l  +  p)  _  ,  , 

q  T(m+q)  T(m  +  p)  T(l+p-q)  mVP,q 

1 

-  J  nq_1  (1 -n0)p“qdn0  .  (A-30) 

0 

h=nk(p,q,m) 


[nd -n){^  Ym(P,q,n)}  ] 
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In  particular,  we  get  from  formula  (A-30) , 


_nO  _ 


(A-31) 


n=nk(l  ,1  ,m) 


and 


Gk(f,2,m)  =  (m+  l )  (2m  +  3) 


L  Jn=Ti  (f,i. 


.  (A-32) 


m) 


If  we  wish  to  obtain  a  numerical  integration  formula  for  the  integral 


l 

J  FCn)*''!  -  n 


dn 


(A-33) 


^here  one  of  the  integration  points  is  the  point  n  =  0  ,  we  write 


r 

J  F(n)/1  -~n  dn  =  F(0)  j"  Si  -  n  dn  +  j"  |F--—  ~  F(0)  j  r\S\  -  n  dn  (A-34) 

o  6  6 


and  apply  the  numerical  integration  formula  (A-5),  with  q  =  2,  p  =  §  and  m 
replaced  by  m  -  1  ,  to  the  second  integral  on  the  right-hand  side  of  formula 
(A-34) .  We  then  get 


i 

/ 


F(n)/i  - n  dn 


»2»m~  l))  -  F(0)i 

=  *F(0)  +  L  — - /ck«’2.-.) 


=  F  (0) 


k=l 

m~l 


,  Gk(f  ,2,m  -  1) 

*  ‘  L,  n.  (f  ,2,m-  1) 


k»l 

m-I 


V  /  .  »  G  (f,2,m-l) 

L  FM>2»m-*>)  •  <A-35> 

k=l  k 


79125 


79125 


Appendix  A 


91 


The  formula  (A-35)  is  to  be  compared  with  the  formula 


/ 


F  (ri)  /l  -  n  dn 


- 1 


which  conforms  with  formula  (2-64)  of  the  main  text.  Thus  we  have 


(A-36) 


and 


(m) 

nl 


0 


(A-37a) 


=  \_,  (5  *2,m-  1) 


k  =  2 ( 1 )m,  (A-37b) 


Gj  (I » 2  ,m  -  1 ) 
n.  (f  ,2,m  -  1)  * 


(m)  Gk-1 (*  ,2,m~  0 
k  “  (f  ,2,m-  1) 


(A-38a) 


(A-38b) 


If  there  is  no  restriction  on  the  integration  points  n  we  apply  the  integra¬ 
tion  formula  (A-5)  directly  with  q  =  1,  p  =  I  to  obtain  a  numerical  integration 
formula  for  the  integral  (A-33) .  If  we  replace  m  by  m  in  (A-5)  we  get 


1 

m 

f  F(n)/i-=" 
J 

n  dn  = 

L  f("i 

.5))  Gk^  » 1 

,5)  » 

(A-39) 

0 

k=l 

which  is  to 

be  compared  with 

formula 

(3-1)  of 

the 

main  text. 

On  comparing 

the 

appropriate 

quantities  we  get 

(m) 

Qk 

■ 

1  ,m) 

> 

k  =  1  ( 1 )m, 

(A-40) 

and 

p(£) 

Gk 

■  V*-1 

1  ,m) 

> 

k  =  1  (l)m. 

(A-4 1 ) 

It  is  interesting  to  note  that 

V*-'.")  ‘  7TTS  p2r.i(/rr") 
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where  P  (u)  is  the  Legendre  polynomial  of  degree  r  in  u  .  The  integration 

IT  \ 

points  of  formula  (A-40)  therefore  satisfy 


j  =  Kl)5,  (A-43) 


and  the  formula  (A— 3 1 )  for  the  integration  weights  may  be  written 


Km)  =  v**1*®  = 


4u 


(1  ~u  )  | 


du  P2m+l(u)< 


(A-44) 


(m) 


The  integration  points  Xj”1  ,  j  =  1(1  )m'  ,  are  defined  in  formula  (3-6). 


To  obtain  the  corresponding  integration  multipliers  we  proceed  as  follows. 
Write,  as  an  approximation  to  F(n)  , 


m 


m 


FM  .  £ 


n  -  x 


(m*  ,m) 


(m',m)  (m',m) 

P“»  \Xj  ‘  XP 


(A-45) 


P^j 


and  use  the  integration  formula  (3-1)  to  get 


l 

J 


m 


nr 


F  (n)/l  -  n  dn  = 


1 4?  L  F(*f'fi))  M 

j=i  p=i 

p^j 


(5)  (m'  ,m) 

^k  Xp 


k=l 


(m'  ,m)  (m'  ,m) 

P-1  \XJ  '  XP 


m * 


■  l  WA)  h  5 


J  =  ! 


m  m 

^(m) 

k 

k=  1 


(m)  (m' ,m) 


(m1  ,fil)  (m'  ,m) 
p=l  \xj  '  XP 


(A-46) 


P^j 


which  is  to  be  compared  with  formula  (3-7)  of  the  main  text.  On  making  the  com¬ 
parison  we  get 

■'  1  (m)  (m',m) 


m 


m 


g: 

j 


(m'  ,m) 


e  5  ®  n 


'  '  XJL 


k=l 


P-»  \Xi 


P^j 


1  i  =  (A-47) 

XP 
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NUMERICAL  EVALUATION  AT  =  X ^  ,mi *  OF  (ni),  x(mi  ,mi),  tu;v,m) 

_ 0  q _  r  \  p  q _  0  / 

AND  ITS  FIRST  TWO  DERIVATIVES  WITH  RESPECT  TO  nQ 


We  recall  from  formula  (3-21)  that 


Vv,h) 

‘  (x‘”!>ai>-"o)2  / 


-  (n{  ,m{  ,mi )  _  x  z  (m{  ,fii )  _ 
q _ _0  q _ fO 


1  -5, 


;  v,m 


(B-l) 


where,  according  to  formula  (2-20), 


K,  (x,y;v,M) 


CO 

[  ,  .  .,x  dX  ,  M(Mx  +  R)  /  iv(-x  +  MR)  \ 

exp(-ivX)  — 5 - srr  +  - 9 - 9-  exp[ - = - -  ) 

-x+MR  (^2  +  y2)2  R(x2  +  y2)  \  s2  ) 


L  8 


with 


and 


2  2 
e  =  1  -  h 


R  =  R  (x 


,y,S)  =  /x2  +  B2y2  . 


(B-2) 

(B-3) 

(B-4) 


For  the  purpose  of  evaluating  the  required  quantities  the  formula  (B-2)  is 
recast  into  a  more  convenient  form  by  changing  the  variable  of  integration  from 
X  to  u  according  to  the  formula 


X 


(B-5) 


in  the  integral  on  the  right-hand  side  of  (B-2) .  Then 


f 2  7T7  „ 

dx  _  1  L/u  +  8  y  ~ Mu. 


(B-6) 
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and 


/FT 2 

/X  +  y 


6 


*2  [/u2  +  B2y2  -  Muj  . 


(B-7 ) 


When  X  »  +°°,  u  =  and  when  X  =  (-x  +  MR)/ 8  ,  u  =  x  .  Therefore 


exp (-  ivX) 


dX 


-x+MR 


<X2*y2/ 


x  exp 

a  r  m 


. 


jii(u-„/2»6y) 


du 


^  /l2  +  62y2  -  Mu  J  ^ 


2  .2  2 
+  6  y 


'  ^7  / 


/u2  +  B2 


3  y 


l 


^/2  +  B2y2  -  Muj 


expji^u  -  m/u2  +  02y2^ 


prrx 2 

/u  +  B  y 


O  +M) 


1  X 


du 


L(/?v7-m„)  "  <ltM)J 

My  J  U  '  /J  / /2TT22  \ 

J  -co  1/u+By-Mui 


1 


(1  +M) 


L  /„2  62y2J 


My 


/  .  (-  x  +  MR)  \f  R(Mx  +  R)  1  1 

*T 1V  )L7yy7  ‘ 


iv  1  f  Tiv  (  „ /2  ,  „2  2  \ 

TTTmT  —  exp^  u-M/u  Hy 

V  »  Lfcj  '  -* 


1  + 


L  /w7. 


du 


XB-8) 


On  replacing  the  integral  in  formula  (B-2)  by  the  right-hand  side  of  formula 
(B-8)  we  get 
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(B-9) 


We  now  introduce  the  function  LXx.yjVjM^)  by  means  of  the  formula 

2 

L(x,y;v,M)  *  y  K  (x,y;v,M) 


(B-l 0) 


The  formula  (B-l)  may  then  be  rewritten  as 


.  (B-l 1 ) 

We  introduce  the  quantities  £j(x,Zq)  and  cx(z,Zq)  by  means  of  the  formulae 


and 


?! (x,zQ) 
a(z,z0) 


(B-l 2) 

(B-l 3) 
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We  then  get,  from  the  definition  of  Zq  given  in  formula  (2-27)  of  the  main  text. 


^0  ?!^X0,Z0^ 


(B— 14) 


and  from  (B-10) 


/x-x  z-z  \  A/ 

j— j~;  v,M  j  =  L^Cx.Zq)  - 


vcl(z0} 

CjCxq.Zq),  o(z,Zq)  ;  - - - ,M)  (B-l 5) 


'0^  \ 


where 


-  I, ,  — i — I  «xpj-  lu  ■ 


L  ,  (-  K  +  m/(24  62o2. 


J?7772l 


6 


TiT^  J  exp  ^(u  -  m/u2  +  B2o2) 
J  p 


1  + 


/  2  a2  2 
/u  +  B  o 


du 


(B- 16) 


On  substituting  for  L  from  formula  (B— 15)  into  formula  (B— 11)  we  get 


«„;*.«) 

•  4«rfc,('.(^rA>-  4  ■„).  ^  .  *) 


(B-l 7) 


where 


G^n) (5,a;p,M) 


h^n;(C0)L(C  -50,o;p.M) 


0  j- 

c0  d^o 


(B-l 8) 


Vi  now  show  that  we  may  write 


G^n) (C.ojp.M)  =  E^n)(C;y,M)  +  JoVn)(C,o;y,M) 

+  {o2log(o2)F^n^  (E,  ,o;y,M) 

where  the  functions  (^,o;y,M)  and  (C ,a; y ,M)  remain  finite  when 

|o|  -*•  0  . 


(B-l 9) 


I 
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From  formula  (B— 16)  we  get 


L(£,0;u,M)  = 


€  >  0 
£  <  0 


Then,  from  CB— 18),  we  get 


2  I  hrIl)(C0)  dC0  0  <  *  * 


G^n)(£,0;u,M) 


0 


‘0 


£  <  0  . 


If  we  write  (£,o;p,M)  in  the  form  (B-19)  we  find,  on  putting  o  =  0  , 


E^n) (£;u,M) 


G^n)(C,0;u,M) 


2  !  hrn)(^J^^0 

0  v  u 


0  <  1 


£  <  0  . 


If  we  differentiate  the  formula  (B-19)  for  G^n^ (£,o;y,M)  with  respect  to 
we  get 


=  oD^n) U.ojp.M)  +  Jo2  ^  D^n) (C,o;p,M) 


+  o ( 1  + log(o2))F^n) (£,o;p,M)  +  io2log(o2)  £-F^n)(C,c; 


Therefore,  if  the  formula  (B-19)  is  valid,  we  shall  have 


limii  A.  G^n) (£,o;u,M)  -  log(o2)F^n) (£ ,0;u,M)i 
o-K)1  ’ 


=  D^n)(C,0;u,M)  +  F^n) (C,0;u,M)  . 


A 


(B-20) 


(B-2 1 ) 

that 


(B-22) 


u  >M)  . 
( B— 23) 


(B-24) 
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Bow,  by  using  the  definition  (B— 18)  of  (£,a;y,M)  we  get 


i-£-G<n)  <*,o;y,M) 
o  ao  r 


i 


4°)(V  7^£(5-Vo;">M)Jl^d50 


ri  -s. 


It  is  convenient,  for  our  further  analysis,  to  write 


I  ‘L  l(5,o;u,M)  -  A(C,o;p,M)  +  B(?,o;u,M) 

o  do 


where 


A(C,o;u,M) 


x  expj-  ^  (-  K  *  MC52  +  B2a2)i)J 

and 

iu  f  r  B2U  .  iyM  /.  U _ S\ 

m.c.oM  -  -n-r®-  j  2 „  2o2)}-  (u2  ,  6v>t  V  (»2  *  eV>  !7J 

—GO  W' 

X  eJ-ii  (-  u*M(u2*bV)!)I. 
<6  ’ 

Then,  if  0  <  £  <  1  ,  we  have 
1  j  [  - 1 " 

J  h^n)(50)A«-50,o;y,M)J-1^d50 
0 

-  -  |  h^n)(€0)j-^expj^  (c-50-M(a-V2  +  B2°2)i)| 


B2«-50) 

ipM  1 

f 

1  +  - — 

{(«-S0)2  * 

i(E 

(S  “  5q) 


,2  A  d2„2  IJ 


,)  +  JV 


.  (B-25) 


(B-26) 


(B-27) 


(B-28) 
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♦  0(6)  . 


(B-29) 
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where  6  is  an  arbitrary  positive  number  which  is  such  that 


0<5-6<C  +  6<l  . 


(B-30) 


We  get  directly  from  formula  (B-29) 


)A(5-50,o;u,M)J-1—  dCQ 


1°8<°2>[b2  £("rt',U)JI?y 


iy(l +M)h*n)(5)  l^~~ 
r  \  ^ 


■  -  /  *?>«, 


1-5  /iw (5  -  5 

“a  (>♦*) 


0>\  f  B2  2iu«  "1  lc 


(Z  -  ZQ) 


2d50 


♦  2b2  ^n)(o - ') 

-  2(iu)h'n)  (5)JJ-^-  ((1  +M)  log^  -  l) 


+  0(6) 


(B-3 1 ) 


7*  k w „ ,  rns  b2 

-j  hr  K0>J  50  ^\TTT5T“7  (5-C0>2  dc° 


■  '  t  J  hr  (E0>J  50  elH  (I*  Ml  Jd50  (i-i0Jo 


I 
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In  order  to  get  formula  (B-32)  we  have  used  the  formula 


(B-33) 


which  is  obtained  from  the  general  integral  formula 


i  log 


C0  ♦  C  -  250£  +  2/«0O  -0(1  -c0) 

+  £  -  250C  -  2/«0(l  -0(1  -£0) 


(B-34) 


on  putting  in  the  appropriate  integration  limits.  The  validity  of  formula  (B-34) 
can  be  verified  by  straightforward  differentiation  with  respect  to  £q  . 

We  also  get  from  the  general  integral  formula  (B-34)  the  formula 


which  we  shall  use  presently. 
Again 


(B-36) 


Appendix  B 


1 


» 


On  substituting  the  integrals  from  formulae  (B-32),  (B-36)  and  (B-37)  into  the 
right-hand  side  of  (B-31)  we  get 


+  2  log 


p  ±  (h<n)  (5)^F)-  ‘M)h<">(ojnr 


1  l  (  «0  i  r  <  0>J  S0  'H1'1*"!  Jj 


BE, 


iiBa 

U  1  g»M 

Kra 

■ujil  ml 

-  b2  ^  (h^cojnr)-  iud + m)^”' («, 


*0 


(£  ~  £q. 


-  2(iuM) 


’(n^f^  h 

r  C°W  50  \  d+M)  /  " 


(n) 


(0(1  -O' 


•V’-V  J 
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Let  us  define  the  function  k^n; (5Q)  by  means  of  the  formula 


^  <V 


hrn)(u)J1Tiidu  '  0<50«1.  (»-39 


On  expanding  k^n) (?Q)  by  Taylor's  series  expansion  about  CQ  -  5  we  get 


k<n)aQ)  "  krn>(C)  +  «0-«h in)(«VJT1+  «o-«  0<1)  (B" 


as  ♦  Z  if  0  <  C  <  1  . 

Then,  when  0  <  ?  <  1  ,  we  have 


bew<tyB«-s0..>»,ioJ-^  dc0 


1U 

(1  +M> 


x  expji|(>i  -M(u2*B2o2)!)Jdu 

^"■v  -VTfeO] 

X  expj-%  (u  -  M(u2  +  e2a2)i)fdu] 


(Z~ZJ  +  6  o 
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(B-41) 


Now,  with  £  <  1  , 


Appendix  B 
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no 
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where  6  is  an  arbitrary  positive  number  which  is  such  that  inequalities  (B-30) 
are  true. 

We  get  directly  from  formula  (B-43) 
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iy  V  ,  (n)  ,  T  62  ,  2iyM  1  /iw(e"eo)\  ,, 

0  +  H>  J  kr  (C0}  [a  _  c  )2  (C  “C0)J  exp\  (1  +M> j  dC0 


1  r  °  (C-5J2  6XPl  ^-M)  jdC0 


+  2[-  iy(!  -M)h^(C)  /Ifl+  k(n)(J  Lg(f)  -  1, 


*  2  7Ti*Hy  '4”)  tt)  1o*(t)  *  °«> 


Then  from  formula  (B-41),  on  using  the  results  (B-42)  and  (B-44)  we  get 


(B-44) 


{  1  -  5 

,!»  |  hW(£o)B«-C0,0;„.M)J-^dEo 

+  log<o2)[-  iy (1  -M)h^n)(C) (iy)Vn)(C) 


.  (n)  .  (1  -M) 

=  kr  ( 1 )  -  iy  (-j  exp 


yU-P 

(i-M)  J 


T  [7^7  * 


J  <n) 


' iu<1  'M)  /  7  “p  (,  o-m)  J 

Sr»' 


5+6  s0 


{-  W  [^(f)  - 


*  2TTT^^”)a)  1o8(t)*  0(s)  • 


(B-45) 
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Mow 

ip(l  -M) 


5r«  M 


I  krv  .. 


iuo-M>J  k<n) (s0>  **p( m)0>)  4;  (r^)  d{o 


ip  (5  -5«)' 


rk(n>«0> 

1 

jn 

o 

exp\  (i+m)  yj 

5-6 

0 


• 11,(1  j  nj{k?)(so>  e>p(-Tn4r)[Tr^ 


k<n) (?  -  6) 

ip(l  -M)  - j - exp 


(<i%r) 


-  lu(l-M)  j  |^|k(n)«0)  ««p(  (i^B)0>)} 


d  e. 


TT-c^T 


5-6 


mr,(n)rr'>rrr^i  rin'i2  (l  "M)  v(n)m  I  5(1  “c) 

ip0  M)hr  (*y— +  (lp)  TrrM7kr  (5J  J  ^Oo  *V 


d5. 


(5  “  5f 


^iwO  -M)  --r-g(C)  -  ip(l  -M)h<n)U)J~-^+  (ip)2  -jl  r^  krn)(g)] 
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Again 


+  2 


(iu)2M 


(1  +  M) 


+  0(6) 


(B-47) 


and 
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-  iv(l  -M)  -£ 


kin)a*6) 


k(n)(l) 

♦  ip(l  -M)  exp 


*p(-  rr^r) 

(-W) 


lu('  -M>  /  {krn>«0>  ) } 

£+6  L  1  1 

f.(n)rn  rnr  iU  lr(n>r^l  i  ur-o  1  dco 
lhr  tt)VT"  7T=HTkr  <c)/Ve;n"e0>JT^IJ 


fiud  -M)h<n)(S)  -  (iy)Vn)(C)J 


I  eO-6)  “!o 

V  (c-t0) 


r  k<r 

I-  iuO  -M)  — 


3 - iu<l  -M)h^n)(U  +  (ip)2k 


««,] 


k(n)<i)  /  . ,,  ,.\ 

*  iu(.  -H,  -^5-  exp(~ 


iuo-M)  j  [a^ |k‘n) (50)  »p(11,(?--M°))} 


L  <■>>„,  rnr  iu  ,.<n),.,l  i  Eo  -«  1  d5o 

-  hr  £  TT-tiT  kr  ® Unm  iru 
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On  substituting  the  integrals  from  formulae  (B-46),  (B-47)  and  (B-48)  into  the 
right-hand  side  of  (B— 45)  we  get 


lim 


1  I  j-5 

/  h<">  «0>B« 


♦  loglo^f-  LU(1  (iv)2k‘n>(oJ 


(iy)2k 


«->(.)  / 


-iX  dX 


p(l-Q 
(  1-m) 


*  2  (i,)Vn)(o] 


-  iud  -M) 


t 

l 


(n) 


1 

+  iy(l  -M)  j 


t(n) 

r 


r^r  /i»<t-E0n  hr“)<0('~° 


» 


«0 


«0 

Tt^T 


♦  (iv)' 


(B-49) 


Again,  a  contribution  of  0(6)  does  not  appear  on  the  right-hand  side  of  (B-49) 
for  the  coaqplete  expression  is  independent  of  6  . 
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He  heve  therefore  shown  that  the  functions  (£,o;y ,M)  and  F^n^ (£,a;p,M) 

remain  finite  when  |o|  -*•  0  by  actually  deriving  the  formulae  (B-52)  and  (B— 5 1 ) 
for  (£,0;v,M)  and  (£,0;ji,M)  which  show  that  they  are  finite  except 

when  £  approaches  0  or  1 . 

The  numerical  evaluation  of  integrals  appearing  on  the  right-hand  side  of 
formula  (B-52)  is  discussed  in  Appendix  C. 

We  now  return  to  formula  (B— 1 9)  to  get 


♦  i  (o(*t*g))2D^n^  ';G  J  (k>2q)  »  0(*»2q);  j—  > 

,  »/  VC  (z  )  \ 

♦  |(o(*,*0))2{log  }  *rn  ^£j(x,z0),  a(z,z0);  j  ,  hJ  . 


(B-53) 
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If  we  differentiate  the  formula  (B-53)  once  and  twice  with  respect  to  Hq  , 
where  nn  is  defined  in  formula  (2-28),  we  get  respectively 


^G<n)(ci(x,z0),  a(z,z0>;  — •  *) 

■  ^  • «)] 


(x,zQ) 


r8E(n) 

i 

y- 

(c  i <x,z0>  sw  »M) I 

y^Cj  (z Q)/«. 


+  s 


/  3o(z,z0)\  ()f  vc,(z0)  \ 

lO(z,z0)  \3z^  )  Dr  y  1  (x* z0> »  a(z>zo);  £  »  MJ 


lo(z»20){l  +  1°8(a(z»z0))2}('8^ - ~)FrIl)(Cl(x»z0)’  a(z’z0); 


+  s 


Js^oCz.Zq))  dz^  |i)^n)  (x,zQ),  a(z,zQ); 

is,  (a (z , z0) ) 2{ i°g (° (z •  zq) ) 2}‘3^^' !  (x»zo) »  °<Z.Z0>S  ~-'r°  , 


(B-54) 


and 


a2  (n  l/  vc.(z0)  \ 

^2°r  (ei(x»zo)»  o(z’z0);  I  ’  Mj 


\8Z0  /L  /JC-C,(x,z0) 
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+  V81 
+  ~ c 


[3g ^ 

(Cj  (x»zQ)  *  V.M) 


P-vCj (zq)/£ 


+  8, 


«2sJ  p2E(n)  "I 

75-  (ci <*o))  [^f  —  (Mx»zo);  U*M)J 


C"5 | (x» zQ) 


5-Cj (x,zQ) ,u-vcj (zQ)/*, 


p-vc, (zq)/£ 


+  s. 


+  s; 


o(z.zn) 


3  ct(z,z  )  /3o(z,z_) ' 


0  3z2 
3z0 


/3o(z,z0)\  (n)/  vc,(zn)  \ 

(az0  )  Dr  ^,(x,z0),  a(z,zQ);  - j - ,  M J 


2 

/  /  ,51  3  0(z,Zft) 

a(z,z0)|l  +  log(a(z,z0))  2J  - 2_ 


*  )3-log(o(z,z0))2^2.'20-)  r<n>^|(x,z0),  „<*,*„); 

4 

+  2,i0<,»,o)(s^; — ~)^[D*n)(5i<x’zo>*  0(z*zo){  — 1 p) » M)] 

+  2sfcr<***0>{1  +  Cx,*0),  c(z,z0);  M.m)] 

♦  i8j(o(z,z0))2  ^-^(^(x.Zq),  a(z,z0);  ,  M)J 

+  i8f(°<z.*0))2{lo8(o(z»z0>)2}^2|Ein)(5l(x*z0)»  O(z*zo);  " ~ I  ^  »  M)j  <B-55) 


where  cj(zQ)  end  cy(z0)  are  respectively  the  first  and  second  derivatives  of 
CjUq)  . 
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2  2  ra2E(n)  1 

<'»2[^-(t.<-)'  <,w/t 

L  Jz0=z 


Now,  from  formula  (B-12)  we  get 


and 


H,  (x,z) 

Hz" 


3  ^(x.z) 
3z2 


cj  (z) 


^  J  \*4/ 

R(2))2(--»,«)-7^T 

r^T{c;<z>5,(*.3)  *  e|(z)} 


(z)^|  (x,z)  +  e',(z)} 


2cj (z) 

(ci(<F 


From  formula  (B-13)  we  get 


3o(z,Zq) 


cI(z0) 


3zr 


l'CzJ  (cl(*0)) 


2  (z  "  z0> 


1  CI (zn* 

— r — r - a(z,zn) 

r^T  c,(z0)  0 


From  formulae  (B-22)  and  (B-39)  we  have,  for  C  >  0  , 


E<n)a;p,M)  -  2k^u/  (€) 


(n) 


(B-57) 


CB-58) 


(B-59) 


(B-60) 


(B-61) 
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Hence 


3E 

w-  <^>M> 


(B-62) 


3E(n^ 

(C;p,M)  =  0  (B-63) 


32E(n) 


<5;y,M)  -  2 


35' 


(B-64) 


32E(n> 


3£3u 


—  (C;w,M) 


(B-65) 


32E^ 


5^—  (£;y,M)  -  0  . 


(B-66) 


3v 


From  formulae  (B-56)  and  (B-57) ,  on  using  relations  (B-58)  to  (B-66)  we  then  get 


(vc  (z  )  \ 

5,(x,z0),  a(z,zQ);  j  ,Mj 


-  2 


^{cj  (.)«,(*,«)  +  e|(z)}h^n) 


(B-67) 


and 


j 
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lim 

vn 


°(z«zo);  — —°-»m) 

"  |  log  (o  (z  ,zQ))  2^Fyn)  (?  i  (x,  z)  ,  0;  — V— »M) 


=  2s 


2  2c'l 

!(',< 


(z) 


(z)j 
1 


2  | c |  (zKj  (x,z)  +  ej  (z) | 


1 


|c’j  (z) C ,  (x,z)  +  e"(z)( 


ftt) 

r  V  £ 


2s, 


(c,(Z))' 


|c;(z)E|(x,z)  ♦  c;(2)|2 


S.  ,  VC.(z)  \ 


3s, 


(c,(z)y 


(n\  (  1  (z )  \ 
?;n;U,(x,z),  0;  — ,Mj 


Now,  from  formulae  (3-22)  and  (B— 1 7)  we  get 


(B-68) 
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“*(e<“!).  x<m:-Sl).  v-.h) 


,  (mi ,mx ) 


*  mj)'  '  Vq 


~'o) 


2  loglv^i»si>  - 


X  F(n)  C(nJ),  o,  ^iA!i 
r  p  *  *  £ 


li 


(m{  ,mi  )\  \ 

\ — M 


and  then  from  formulae  (B-69)  and  (B-22)  we  get 


x'”;’Sl>;  v,m) 


2£ 


2 

51  0 


g(«l) 

f 


(B-69) 


(B-70) 


By  using  formula  (B-67)  we  get  from  formula  (B-69)  after  differentiation  with 
respect  to  nn 


n0;v,M)]] 


(ml.mi) 
n0  xq 


[- 


lci(z)E  +  ei<z>fhr”>K>JiTi|  ,  .  .  . 

1  Jc-e'ni),-.|x<m‘-*l) 


SjC 


(B-7 1 ) 


126 


Appendix  B 


and  by  using  formula  (B-68)  we  get  from  formula  (B-69)  after  differentiation 
twice  with  respect  to  Hq 


fa2  [(nWcfcii)  (ml.mj) 


n0  xq 


21 


2c! (z) 

7  ~~T2  lcI(zK  +  ei(z)f 

(cl(z)j 


rjTiy  K(z)*  +  •"<■>» 


.h(n)(£)J7|T 


*  7^p ,ci<zU  * e|b)|2  &  (h-"><{)^/Ttr) 
,  *2  „<">/;  o  VC|<2’  .A 

'  v”  '  *V 


(cl<2))2  1 


(B-72) 


If  we  substitute  for  F 


in>({>.!  — T~  •“) 


from  formula  (B— 5 1 )  and  for 


from  formula  (B-52)  into  formula  (B-72)  we  get 


2  ^ 
-  i'2'^]y  [2cJ(Z){c;(z)C  +  e j  (z)}  -  Cj  (z)|c'j  (z)c  +  e'^z)}]^10  (?) 
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A  A  *  ® 

+  7  ~  \2  V  hin)  (5)  +  7~"'  \2  <i»*)2^n)  (I)  / 

(* <™Y  v  5  ('i"))2  1  J-o 

(V-M) 


(cl(z>)' 


{'  * 2  1°8(-8c'<--b!-'  “)}  [- e2  & 


+  2iphin)(C)  /XEX  -  f  i, 


128 


Appendix  B 


(cjtz))' 


(iu)2  f  Tk(n)^  >  ~ y ^  -  k(n)rt>  /  CO  -o  ]  dc0 

(  m)  /  Lkr  (C0}  expV  (P+M)  /  kr  a)^0( i  -  e0)  Ja-e0 


(C!W)' 


,2  f  r(n)„  ,  ('ll'<t'50)\  ,  (o)„.  |  E(l  -t) 

<IU)  i  [kt  «0>  ^TrJ  ‘  lr  (OF00-t0) 


JE, 


^7 


where 


and 


.  (B-73) 

<P"T 

II 

vT"r| 

TJ  /-V 

3 

*— *  — 

(B-74) 

n  =  x^,5l) 

(B-75) 

_  =  -  (mj  ,fii ) 

Z  SlXq 

(B-76) 

vc,(a,x‘"-S,)) 

/  a 

We  have  now  obtained  our  objective  in  formulae  (B-70),  (B-71)  and  (B-73) ,  namely 
tractable  expressions  for  ’Xq™1  > 


(^*(^!>-  <“U)-  v-S 


and 


f_iL  Ji<n>*/Vcni)  (mi.fi!) 

Ugl1  v»  ,x'< 


.  h0;v,Ml 


_  mv(®i»®i) 

^0  Xq 


I  .v  (®!  »“1  > 

^0  Xq 


The  numerical  evaluation  of  the  integrals  appearing  on  the  right-hand  side  of 
formula  (B-73)  is  discussed  in  Appendix  C. 
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He  recall  from  formula  (2-51)  of  the  main  text  that  the  polynomial 
degree  (n-1)  in  £q  is  defined  by  the  formula 


\<n>  «0> 


k-1 

k^r 


5  -C(n) 
_0_2k 

M  _  rdn) 


(n) 


where  the  points  ,  r-l(l)n  ,  are  the  zeros  of  a  polynomial 

degree  n  in  which  is  such  that 


o  ■  °  • 


Let  us  express  in  (0,1)  in  terms  of  6n  in  (0,ir)  by  means  of 


-  |(1  -  cos  eQ)  . 


He  then  find  that  we  may  take 


W 


cos(n + i)0Q 
cos 


from  which  it  follows  that 


*kn>  "  * 


[’  '  cos(§TT  *)]  » 


(n) , 


The  polynomial  h^  (Cq)  may  be  given  in  terms  of  the  polynomials 

cos(k  -  |)e0 


V.  «o) 


cos  je0  * 


by  means  of  the  formula 


l  (n) /,  >  A 

hr  (V  (2n 


hy  (-«.“)  L  ‘k-.(«rfa))*k-.«o>  • 

k-1 


»rn><{0>  °l 

-l(l)n,  (C-7) 

W  of 

-  1 (l)n.  (C-8) 

the  formula 

(C-9) 

(C-10) 

=  1  (On.  (C-ll) 

-  I  (Dn,  (C— 12) 

-  1 (l)n.  (C-13) 


’T" 
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The  formula  (C-13)  is  easily  verified.  Since  each  side  of  (C-13)  is  a  polynomial 
of  degree  (n-1)  in  Kq  and  since  the  (£g) ,  k-l(l)n  ,  are  linearly 

independent  and  orthogonal  with  respect  to  the  weight  function  /(I  -  CqWCq  » 
it  is  sufficient  to  show  that 


1  n 

/  bin>«o>*k-i(eo>>/-T^«o 
0 


Now, 

/  hr  )(50)Ak-l(50 KQ  d50 


2tt 

(2n  +  1 ) 


Ir 

[k 


1  (On, 
1 (1 )n. 


(C-14) 


(C-15) 


where,  according  to  formulae  (2-63)  and  (2-67)  of  the  main  text. 


(C-16) 


Since  the  points  r-l(l)n  ,  are  the  zeros  of  the  polynomial  i  (£n)  »  it 

follows  from  the  definition  (C-7)  of  the  polynomials  h^  ' (Cq)  that 

|c0  -  C^jh^  (Cq)  is  proportional  to  ^(Sq)  •  Hence,  by  using  (C-8)  we  get 
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j  hi°>«o){,k-i«o>  -  V,(4J^  dt» 


1 

/ 


*k-l  (C0J  "  *k-l  (Cr 


5  -5^" 


J—  dc° 


(C— 17) 


In  view  of  (C— 1 6)  and  (C-17)  formula  (C-15)  becomes  identical  with  formula  (C— 14) 
which  is  accordingly  proved  and  hence  the  formula  (C-13)  is  verified. 

The  quantities  \_i may*  w^th  advantage,  be  evaluated  by  using  the 
recurrence  relations 

Vi(fl  ■  2(‘-2£“k-2(^n>)  -  w-M^) 

and  the  starting  values 


l-l«0>  ■  ' 


lo^o*  "  1  * 


(C-l 9) 
(C-20) 


If  we  introduce  the  functions  L^Uq),  k-l(l)n  ,  by  means  of  the 
formula 


hc-l 


r°  n — 

J  W'J1? 


du 


(C-21) 


then,  according  to  formulae  (B-39)  and  (C-13),  we  have 


k^(£  ) 

*r  K*o' 


(C-22) 
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By  using  the  explicit  formula  (C-12)  for  (u)  in  the  integrand  of  formula 

(C— 2 1 )  we  get  the  explicit  formula 


i(eQ  +  sin  eQ) 


V.  «0> 


/sin(k-l)0-.  sink0 

i(— —  * 


(k-  1) 


2) 


k  -  1 


k  >2. 


(C-23) 


From  the  transformation  of  variables  (C-9)  we  get 


sin0o  =  2/«0<*-e0) 


(C-24) 


When  £q  is  near  to  0  we  have,  from  (C-9),  that  0q  is  near  to  0  and 
therefore  from  (C-24)  we  get 


Z(2rV  M1  *50)}r 

——2  (2r  +  1 )  ’  °^0'<^  (C~25) 

r=0  ’'r‘' 


When  is  near  to  1  we  have,  from  (C-9),  that  0q  is  near  to  ir  and 

therefore  from  (C-24)  we  get 


’  -  2lV‘  -  V  E  •l~0(2r /ir~  •  “V-  (C'26> 

(r,) 


The  infinite  series  in  formulae  (C-25)  and  (C— 26)  is  convergent  for  0  4  £q  «  1 
Therefore,  from  formulae  (C-23)  to  (C-26),  we  get 


W 


•VV 


[  ♦  Y  Or«2)l  Mj/ 

I2  V1  V  ^  ((I(|)|)2  (2r*3, 


i 


!"  -  IV  -  vi1  i 

L  °  °  ((r +  I )  !>  Ur  +  3) 


V 


(C-27) 
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We  express  £  in  (0,1)  in  terms  of  0  in  (0,ir)  by  means  of  the  formula 

£  =  i(i  -  cos  6)  .  (C-35) 

We  next  consider  ten  preliminary  integrals.  In  order  to  evaluate  these  integrals 
we  make  the  change  of  variable  of  integration  from  £q  to  0q  according  to 
formula  (C-9) . 


f  au 

■  (2\— -  |  { sin (k  -  |)0  sin  *0  -  sin(k-J)eo  sin  }  (Cos"e'0  -  cos  6) 

6 

f  d0o 

+  I  J  jcos(k-i)0  cos  *0  -  cos(k-  i)e0  cos  ie0(  (cos  e0"-c”s  0) 

0 

f  deo 

-  (2k2 1  1  l  |cos(k- 1)0 -cos  k0  -cos(k  -  O0Q+  cos  keQ(  ('coy  e  cos  0) 

0 

f  deo 

+  Js  J  {cos(k-  1)0  + cos  k0  -cos(k-  D0Q-COS  k@0} 

0 


■  [ve>  -  5.-1 (e>]  -  w  [V6>  *  5.-1 (9)] 

-  j  [(k  -  1)^(6)  -  ^,(0)]  •  «>36) 
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(ii) 


/  i  d i0  “k-i  «o>  f  e„°  -  dt  (‘k-i ((> 


dE, 


(C  -  £q) 


|  [(k- l)Jk(6)  -  kJk_,(8)]  •  (C-37) 


rVi(W'-V  - 


Vi(5)<l  ”5) 


d£. 


0 

if 


cos (k  -  £)  0 


cos 


le 


0  ,  .  „  n2  cos(k-J)9  /  •  „^2 

-  (sin  0.) - 'ii  (sin  9) 


0 


cos  je 


d  e. 


(cos  0q  -  cos  6) 


“  f  I  [cos(k-J)60  sin  JeQ  sin  0Q 
0 

-  cos(k-i)0  sin  ^0  sin  ©J 


d6. 


(cos  0Q  -  cos  9) 


o 

/[■ 


^  j  |  cos(k  -1)0q  +  cos  k0^  -  cos (k  -  2) 0^  -  cos (k  +  I)0Q-cos(k-l)0 


d0. 


-  cos  k0  +  cos (k  -  2) 0  +  cos (k  +  1)9 


(cos  0q  -  cos  0) 


'  ^  [rk-l(6)  *  V9>  -  W9>  '  W9>] 


(C-38) 


(iv) 


/[.  t  rr  Wr  n-r  '  d«o 

j  V'  ?0  0  0  '  J^V 


■h  [vi(9> ♦  Jt(e>  -  -W9’  -  -W9)]  •  (c-39) 


Note  that  formulae  (C-38)  and  (C-39)  are  correct  when  k  =  1  even  though 
I  j  (6)  and  '  J_j  (8)  then  occur  in  them. 
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(v) 


f  r  „ ,  rs 


«o 


e 

2  j  ^cos(k-i)0o  cos  ie 


q  -  cos(k-i)0  cos  £sj 


d  O 


(cos  0Q  -  cos  0) 


f  r  1  d60 

=  I  lcos(k-l)0o  +  cos  k0Q  -  cos(k  -  1)0  -  cos  kBJ  (cos 


=  we)  +  Ik(6) 


(C-40) 


(vi) 


,  fw  fk=l 

I  Vi<so>J  e0  /r 


(0(1  -o 


o(,’V 


d£ 


(E 


rfy  =  We)  +  Jk(e)  •  (c"4,) 


f  r  f  £  ( i  —  e)  "i  deo 

(vii)  f  [LqCV  ■L0(e)<j50(l-€j5rJ  (E-E0) 


r  ,  deo 

=  J  {W  Sin  e0  "  L0(O  sin  ^  (cos  60  -  cosT) 


/P 


0„  sin  0q  -  0  sin  0 


cos  Bq  -  cos  0 


)deo  *  *  /( 


6  (sin  0q)^  -  (sin  0)  ^ 


cos  0q  -  cos  0 


)d60 


4 1  (e ) 


-/(■ 


cos  20q  -  cos  20 
cos  0g  “  cos  0 


)deo 


4K©)  -  ix2<e) 


(C-42) 
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(viii)  f  |l0(50)  "  <C -g'0) 


=  JJ(fl)  "  iJ2(0) 


(C-43) 


s  r  * 

(1X)  J  Lk-1(50)  'Lk-i(5)Jl~ Ti“-  |q) 


(C  -  Cq) 


f  d6n 

J  CVlV  Sin  e0~Lk-1  <C)  Sin  ^  ~(~o7  8n 


cos  8) 


1 


2  (k  -  1 ) 


J  [sin(k-l)0Q  sin  0o-sin(k-l)6  sin  0j 


d0. 


(cos  0Q  -  cos  0) 


2k 


1 


f  deo 

J  [sin  keQ  sin  0Q  -  sin  k6  sin  0]  ^--5--- 

n  0 


COS  0) 


4(k-  1) 


r  de 

/  [cos(k  -  2)0q  -  cos  k6p  -  cos  (k  -  2)0  +  cos  k8]  q  — — — 

n  0 


COS  6) 


o 

^  J  [cos  (k  -  ! )  0q  -  cos  (k  +  l)0Q~cos(k-  1)0  +  cos  (k  +  1 )  0j 


de. 


(cos  0Q  -  COS  0) 


4(k 


^TT  CV2W)  -  V9)l  ♦  7*  CIk-.<e>  -  W9)l  >  li2-  (c-44) 
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and 


(x) 


/  (jlc-1  <eo}  '  Vi  (oJ^0  ~i~T 


dir 


TT-T^) 


4(k 


Tiy  [Jk-2(e)  "  Jk(6)^  +  <ST  tJk-i(e)  ■  Jk+!(e)]  *  k>2»  (c"45> 


m 

fS 


ON 


We  now  substitute  from  formula  (C— 13)  for  (CQ)  and  (C)  into  the 

integrands  of  the  integrals  (C-l)  to  (C-4)  and  substitute  from  formula  (C-22)  for 
^(n)  \  an(j  (£)  into  the  integrands  of  the  integrals  (C-5)  and  (C-6) . 

The  integrals  (C-l)  to  (C-6)  may  then  be  expressed  as  simple  combinations  of  the 
following  integrals  which  have  been  re-expressed  in  simpler  terms  by  using  the 
preliminary  integrals  (C-36)  to  (C-45). 


i 

f 

e\  d 

* 

wv. 

|l-£0 

«  «o  ' 

J  50  ci,\Tum)  J 

J 

4 

1 

d^o 

/izi.  , 

1  id  -i) 

/  c  jj 

O 

UJ' 

1 

O 

UJ' 

a-?0) 

■  r  J  atj  (v,  V {-»frnT^)  - '} 


J  \-iao)/5o(1  "V  |exp(  hvm)0  )~  ’} 


dir 


(i-i0) 


.  0  -M) 

-XU— r- 


dir 


(i  iQ) 


*  B 


fo  _d_  (  '-*0  _  ±  (  rrj)  rjz  1-0 

5  d50lk-lVJ  c0  5  Jyl  i0a-i0) 


dir 


a  -iQ) 


-  iu(l  -M) 


if 

l 


i  ,  _ _  W5)(,_c) 

i  £k-l(?0)/C0(I  "V  "  K-v  ?  ~ 

’V,_co) 


dir 


TT^T 
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*  W6>  *  V8> 
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I  |v.«o >J  ?0  6X11 1  o-h>  )' 


Jt0 

TTT7 


/.  „  .  F^t  V\  ,1  «0 
|  V,<vj  {0  |e*<\  0  -m)  / "  j  a -50) 


i  WVj  e0  -  ^Ti-ro 


ov  s0' 


dco 

TT^T 


f  ,  .  I1  _C0  f  /1Vl(C  ~V\  1  dco 

=  /  *k-iVj  c0  |exp(  0-M)  )  jTT^y 


+  Jk_,(e)  +  Jk<e)  • 


f  f  r  .  au(5-c0>\  /  5d-«  dco 

/  K-i(V  exi\  (i  +  m)  J  _  o' -c0)  a-s0) 

0  L  j 


«o 


uvtfS)-  '1 


j  [v.v  -  K-1  «-e0) 


J  w{c*p(  (Um°~)  "  ’} 

j  Lk-l<Eo)|exp(  (i  +  mF~ )  ~  '}  i’e  -  t0l 


Trr^y*»iW-U2W  • 


*  ITT^TT  tW6)  '  V>]  *  W  Pk-i (e)  -  We,J 


(C-49) 


k  *  1 


(C-50) 
k  >  2. 


V. 
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-  /  Vi<{o>  {^(i|J<?-H)°  )-  '}  TT^T 


/  [v.«o>  -  Vi«> 


dir 


(e  -  Cn> 


£ 

r  i 


/  w(‘->frr)  - '}  tt^>*  !J<e)  -  1J2(e)  • 

I  I  /iu(£-«0)\  1  dE0 

/  <r-M)  ) '  j  tr^r 

♦  Wny  C-W”  -  Jk<8>]  *  i  K-i m  -  Jk*i (e)]  - 


k  =  1, 


(C-51) 
k  >  2. 


The  integrals  on  the  right-hand  sides  of  formulae  (C-46)  to  (C-51)  have  to  be 
evaluated  numerically  and  so  also  must  the  values  of  1(9),  J(9),  1^(9)  and 
•1^(0),  k  **  -l(l)n+l  .  We  shall  first  discuss  the  numerical  evaluation  of  the 

and  *^(9)  and  finally  the 

evaluation  of  1(8)  and  J(6)  . 

In  the  numerical  evaluation  of  the  integrals  the  function  E(x)  defined  by 


said  integrals,  then  the  evaluation  of  1^(9) 


E(x) 


(exp(ix)  ~  1) 
ix 


4 


sin  x  .  .(I  -  cos 
*  U 


(C-52) 


has  to  be  evaluated  for  a  large  number  of  values  of  x  .  If  |x|  >  1  we 
evaluate  sin  x  and  cos  x  and  insert  their  values  into  formula  (C-52)  in 
order  to  get  the  value  of  E(x)  .  If  |x|  <  I  we  use  the  Chebyshev  expansions 
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1  -  cos  x 


Jx 


r=0 


0)T2r(x) 


-  1  <  x  <  1  (C-53) 


and 


sin  x  V*  „ 

-  L  Br 

r=0 


0)T2r(x) 


-  1  <  x  <  1  (C-54) 


to  get  E(x)  from  formula  (C-52).  The  dash  '  on  the  summation  signs  ^  in 
formulae  (C-53)  and  (C-54)  is  used  to  indicate  that  the  r  =  0  term  must  be 
multiplied  by  $  before  being  summed.  The  Chebyshev  polynomial  T^(x)  is  a 
polynomial  of  degree  r  in  x  given  by  the  formula 


Tf(x)  =  cos(r  cos  *x) 


-  1  <  x<M  .  (C-55) 


The  expansions  (C-53)  and  (C-54)  are  useful  when  |x|  is  small.  The 
coefficients  Ar(l)  and  Br(l)  in  the  formulae  (C-53)  and  (C-54)  have  been 
determined  numerically  for  r  =  0,1,2,...,  by  applying  the  method  of  Clenshaw'  , 
and  were  found  to  be 


15 


A0(D 

= 

1 .91871929738 

B0O) 

= 

1  .83946082018 

A,  (1) 

= 

-0.04030078984 

Bj  ( 1 ) 

= 

-0.07925847720 

a2(D 

= 

0.00033804122 

b2(D 

= 

0.00100506127 

a3(D 

= 

-0.00000151602 

b3(D 

= 

-0.00000603035 

a4(D 

■ 

0.00000000423 

B  (1) 

■4 

= 

0.00000002104 

a5(D 

= 

-0.00000000001 

b5(D 

= 

-0.00000000005 

a6(D 

= 

0.00000000000 

b6(D 

= 

0.00000000000 

(C-56) 


We  write 


i  /  •.  %  (■>-.<  v,RF)  (-£»)  -  ■) 

•  “V21/ r)«.  • «- 
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The  interval  (0,£)  of  integration  is  divided  into  one  or  more  subintervals  of 
integration  to  cope  with  any  waviness  in  the  integrand.  The  integrand  in  the 
integral  (C-57)  behaves  like  l//£^  for  £q  near  to  zero  and  like  1//1  - 
for  near  to  unity.  We  accordingly  evaluate  the  integral  by  using  Gaussian 

numerical  integration  with  weight  function  l//£^  over  the  subinterval  abutting 
on  £q  *  0  and  by  using  Gaussian  numerical  integration  with  weight  function  1 
over  any  other  subintervals,  if  they  exist,  except  that  when  £  is  very  close  to 
unity  the  last  subinterval  is  extended  up  to  unity  and  compensated  by  subtracting 
an  integral  over  (£,1).  The  integration  over  these  subintervals  abutting  on 
£q  -  1  are  carried  out  by  using  Gaussian  numerical  integration  with  weight 
function  1//1  -  £^  .  A  fairly  small  number  of  integration  points  is  used  in 
each  subinterval. 

We  write 


The  integrand  in  the  integral  (C-58)  behaves  like  ^£^  for  £^  near  to  zero 
and  like  *T-£q  for  £q  near  to  unity.  However,  we  evaluate  the  integral 
(C-58)  in  exactly  the  same  manner  as  we  evaluated  the  integral  (C-57)  even  though 
the  behaviours  of  the  integrand  for  £^  near  to  zero  and  near  to  unity  are  now 
different.  A  small  increase  in  accuracy  would  result  by  taking  the  actual  /£^ 
end  /I  “  £q  behaviours  into  account  in  the  Gaussian  numerical  integration  but 
we  would  then  lose  the  advantage  of  keeping  the  location  of  the  integration  , 
points  unchanged. 

We  write 


(C-59) 
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The  integrand  in  the  integral  (C-59)  behaves  like  I for  Cq  near  to  zero 
and  like  /I  - £q  for  near  to  unity,  but  again  we  evaluate  the  integral 

(C-59)  in  exactly  the  same  manner  as  we  evaluated  the  integral  (C-57) . 

We  write 


r  1 

fi  »(€-50)\ 

1 

XP(  ( 1  +  M)  ) 

(7  +M)  /  Lk-I  (I  +  M)  /  dC0  ' 


From  formulae  (C-27)  and  (C-30)  we  see  that  the  integrand  in  the  integral  (C-60) 
behaves  like  for  £Q  near  to  zero  when  k»l  and  like  (l  -  £q)^  for 


near  to  unity  when  k  i2 


When  k  =  1  we  see  from  formula  (C-27)  that 


Lq(£q)  "Jff  behaves  like  (1  -  £Qr  for  Cg  near  to  unity.  We  still  evaluate 
the  integral  (C-60)  when  k^2  in  exactly  the  same  manner  as  we  evaluated  the 
integral  (C-57),  but  when  k  =  1  we  must  modify  the  integration  procedure  over 
subintervals  abutting  on  £Q  =  1  to  take  into  account  the  behaviour  of  LQ(£0) 
as  the  sum  of  a  known  constant  and  a  function  which  behaves  like  (I  - . 
This  procedure  will  inevitably  lead  to  new  sets  of  integration  points  for 
evaluating  the  integral  involving  the  constant  contribution  to  Lq(£q)  over 
those  subintervais  abutting  on  =  1  . 

We  write 


4  WV  H^)- -  '1 


d  er 


(C  -  CQ) 


i) 


The  interval  (£,1)  of  integration  is  divided  into  one  or  more  subintervals  of 
integration  to  cope  with  any  waviness  in  the  integrand.  The  integrand  in  the 
integral  (C-61)  behaves  like  1/*^  for  £q  near  to  zero  and  like  1  Hi  -  £g 
for  £g  near  to  unity.  We  accordingly  evaluate  the  integral  by  using  Gaussian 
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numerical  integration  with  weight  function  1//1  -  £q  over  the  subinterval 
abutting  on  £q  -  1  and  by  using  Gaussian  numerical  integration  with  weight 
function  1  over  any  other  subintervals,  if  they  exist,  except  that  when  £  is 
very  close  to  zero  the  last  subinterval  is  extended  down  to  zero  and  compensated 
by  subtracting  an  integral  over  (0,0  •  The  integration  over  these  subintervals 
abutting  on  =  0  are  carried  out  by  using  Gaussian  numerical  integration  with 
weight  function  l//£^  •  A  fairly  small  number  of  integration  points  is  used 
in  each  subinterval. 

We  write 


(C-62) 


(C-63) 


(C-64) 


We  evaluate  the  integrals  (C-62),  (C-63)  and  (C-64)  in  the  same  manner  as  we 
evaluated  the  integral  (C-61)  except  that  for  k  *  1  the  evaluation  of  (C-64) 
has  to  be  modified  over  a  subinterval  abutting  on  =  1  in  the  same  manner  as 
the  evaluation  of  (C-60)  was  modified  over  a  subinterval  abutting  on  £q  *  1  . 

i 

! 


148 


Appendix  C 


It  is  possible  to  give  explicit  formulae  for  the  functions  1^(9)  and 
J^(0)  defined  by  formulae  (C-33)  and  (C-34)  but  it  is  simpler  to  get  their 
values  for  k  i  2  from  the  recurrence  relations 


\+i(e)  +  Tk-1<0)  ‘  2  cos  6  V0) 


and 


Jk-H<0)  +  Jk-1(0)  "  2  COS  0  Jk(6)  = 


20 


~  sin  k0 
k 


2 (w  -  0) 


2 

-  i-  sm  k0 
k 


k  -  0 


k  fO 


k  -  0 


k/0 


(C-65) 


(C~66) 


and  the  starting  functions 


Io(0) 


1,(0) 


J0(°) 


J,  (8) 


=  0 


=  0 


TT  -  0  . 


(C-67) 

(C-68) 

(C-69) 

(C-70) 


Finally  we  show  how  to  evaluate  1(0)  and  J(0)  defined  by  the  formulae  (C— 3 1 ) 
and  (C-32).  First  we  note  that 


1(6)  +  J(0) 


?  /0q  sin  0q  -  0  sin  0\ 

J  ^  COS  0Q  -  cos  0  J  ^90 


-  i 


10g(cOS  0Q  -  COS  0)  +  0  log! , 


f\  -  COS  (0  +  0  )\1 
\\  -  cos ( 0  -  0Q) Jj  d90 


ir 


log(cos  6q  -  cos  9)  d0Q 
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The  procedure  for  obtaining  the  numerical  values  of  the  integrals  (C 
(C-6)  is  first  to  obtain  the  numerical  values  of  the  integrals  (C-46)  to  (C 
and  then  to  combine  them  linearly  following  the  formulae  (C-13)  and  (C-22) 
integrals  (C-46)  to  (C-51)  are  obtained  in  terms  of  integrals  that  can  be 
evaluated  using  Gaussian  numerical  integration  techniques  and  in  terms  of 
functions  1(0),  J(8),  1^(6)  ^  .1^(6)  »  k  =  -l(0n+l  . 


-1 )  to 
-51) 

.  The 

the 
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EXPRESSION  OF  1(6)  IN  TERMS  OF  CHEBYSHEV  POLYNOMIALS 


The  function  1(8)  is  defined  in  formula  (C-31)  of  Appendix  C  and  is 


1(6) 


[  /9osin9o 

J  \  cos60 

0 


0  sin  0  \ 

cos  0  )  d60  * 


(D-l) 


On  differentiation  of  formula  (D-l)  with  respect  to  8  we  get 


sin  8q  -  0  sin  0 


dl(8)  =  (*_0 

de  "  e0“\  cos  eo-  cos0 


)•/«(- 


sin  0q  -  0  sin  0 


cos  0q  -  cos  0/0 


) 


d0. 


/,  8  cos  e\  f  [~/ sin  6  +  6  cos  e\  (60  sin  6Q  ~  6  sin  9)  sin  6~1 

V  sine  J  J  [\COS  0O  -  cos  0 J  (cose  -cose)2  J 


de. 


6  cos  6 
sin  0 


ren 

)  -  lim 
/  6->0 

f  sin  0  +  0  cos  0  J 

0  (sin  0)2  1 

_o  l 

\COS  0Q  -  cos  0  ) 

(cos  0^  -  cos  e)^  J 

d6. 


+  sin  0 


0-6 

I  °o3^( 


COS  0Q  -  cos  0 


)  d0o 


re-5 

-  -  (l  *  24251)  -  lim  f 

V  0 '  &*o  J 


0  COS  8 


0 (sin  0) ‘ 


(cos  0-.  -  cos  0)  ,  a 

0  (cos  0q  -  cos  0) 


2  d60 


r  eo sin  6  1 

Ve~6“ 

Icos  0Q  -  cos  0J 

V°  . 

* 


t! 
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=  -  (i  ♦ 

\  sin  6  / 


+  lim 
6-K) 


6  sin  6, 


0q  sin  0 


0„-0-6 


(cos  0Q  -  COS  0)  (cos  0Q  -  cos  0) 


To 

Jv° 


20  9 


sin  0 


(D-2) 


From  formula  (D— 1 )  we  get 


1(0)  =  0  . 


(D-3) 


Hence,  on  integration  of  formula  (D-2),  taking  note  of  the  value  (D-3),  we  get 


r  eocos0o 

1(0)  =  -  2  /  — b— —  d0n 

J  sin  0q  0 


(D-4) 


which  is  a  more  convenient 

formula  for 

our  present  purpose  than  is  formula 

(D-l ) . 

Let  us  write 

z 

£ 

*  TI  * 

(D-5) 

f(z) 

sin  0 

6  ’ 

(D-6) 

g(z) 

=  cos  0 

(D-7) 

The  functions  f(z)  and  g(z)  are  even  functions  of  z  .  The  function  f(z) 
has  simple  zeros  at  z  =  ±  1  and  no  other  zeros  in  -  1  <  z  < 1  .  Therefore  we 
may  write 

f(z)  =  (l  -  z2)k(z)  (D-8) 

where  k(z)  is  an  even  function  of  z  which  has  no  zeros  in  -  1  <z<  1  . 

From  formulae  (D-6)  and  (D-8)  we  get 
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k(l)  -  lim 


.  f(z) 


z-y\  (1  -  z*) 


, .  f  sin  0  ir2  1 

Kr®~  7~r?\ 


=  i 


(D-9) 


From  formula  (D-7)  we  get 


g(l)  =  cos  ir 


(D-10) 


Hence 


t 

i 


6  cos  9  _  g(z) 

sin  0  f(z) 


j&isL 


(1  -  z  ;k(z) 


8(0  »  + 
^  (1  -  z2) 


[s(z)  g(l)l  1 

(Riy 


(1  -  z2) 


+  h(z)  , 


(D-ll) 


where  h(z)  is  the  even  function  of  z  given  by 


h(z)  =  < 


(1  -  zO 


(D-l 2) 


If  we  make  the  substitution 


0  * 


(D-l 3) 


in  the  integrand  of  the  integral  on  the  right-hand  side  of  formula  (D-4) ,  and  use 
the  expression  (D-ll),  we  get 


'1 

i  •! 

jj 


where 


z 

7  /  h(zo)dzo 


(D-15) 


is  an  even  function  of  z  . 

We  may  write  for  H(z)  the  expansion  in  terms  of  Chebyshev  polynomials 


go 

-  r  s- 


T2r(Z) 


-1<z<1.  (D-16) 


where  the  dash  '  on  the  summation  sign  ^  is  used  to  indicate  that  the  r  *  0 
term  must  be  multiplied  by  |  before  being  summed  and  the  Chebyshev  polynomial 
Tr(x)  is  a  polynomial  of  degree  r  in  x  given  by  formula  (C-55)  of 
Appendix  C.  We  need  to  determine  the  coefficients  er  ,  r  =  0,1,2,...,  in 
order  to  evaluate  H(z)  for  use  in  formula  (D-14). 

In  the  process  of  determining  the  coefficients  er  »  r  =  0,1,2,...,  we 
need  to  determine  the  coefficients  a^,  b^,  cr,  dr>  r  *  0,1,2,...,  of  the 
expansions 


■  £  s 


T2r<2> 


-  1 <  z  <  1  (D-17) 


-  £  v 


*<z>  -  7.  brT2r(z> 


-l<z<l  (D-18) 


■  £  v 


h(z)  “  7.  crT2r(z) 


-1<z<1  (D-19) 
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and 

k(z)  =  ^  drT2r(z)  -1«*«1.  (D-20) 

£o 

We  also  need  to  introduce  the  even  function  l( z)  of  z  given  by  the  formula 


Hz)  =  8.W.  r  »(«)  (D-21) 

1  -  z 

and  determine  the  coefficients  £r  ,  r  ■  0,1,2,...,  of  the  expansion 

Op  ^ 

Uz)  =  ^  £rT2r(z)  -UU1.  (D-22) 

r=0 


We  obtain  the  coefficients  ar,  br  by  considering  the  differential 
equations  that  f(z)  and  g(z)  satisfy.  The  coefficients  dr  are  obtained  in 
terms  of  the  coefficients  ar  by  using  the  formula  (D-8) .  The  coefficients  Z^ 
are  obtained  in  terms  of  the  coefficients  br  and  dr  by  using  formula  (D-21). 
The  coefficients  cf  are  obtained  in  terms  of  the  coefficients  dr  and  J!.^  by 
using  the  formula 

"<*)  '  RHT  •  <»-2« 


The  coefficients  e_  are  then  obtained  in  terms  of  the  coefficients  c  by 
r  r  J 

using  the  formula  (D-15). 

We  start  by  obtaining  the  coefficients  ar  and  br  in  formulae  (D-17) 
and  (D-18)  for  f(z)  and  g(z)  .  The  functions  f(z)  and  g(z)  of  formulae 
(D-6)  and  (D-7)  satisfy  the  pair  of  simultaneous  linear  differential  equations 


z 


df  (z) 
dz 


+  f(z)  -  g(z) 


0 


dg(z) 

dz 


ir^zf  (z) 


(D-24) 


j 


0 


(D-25) 
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(a)  (a) 

He  seek  approximations  f  (z)  and  g  (z)  to  the  functions  f (z)  and  g(z) 
respectively,  which  are  given  by  the  series 


fU)(z) 


”  f 

E 


'T2r(z) 


-  I  <  z  <  I  (D-26) 


00 

”  » 

E  ‘.w 


T2t(8> 


-  1 ^  z  <  1  (D-27) 


where  all  but  a  finite  number  of  the  a f  ,  br  ,  r  *  0,1,2,...,  are  zero. 

If  we  differentiate  formulae  (D-26)  and  (D-27)  with  respect  to  z  we  get 


Af(a)(z)  -  2z 


E  ■? 


'T2rW 


(D-28) 


^-g(a)(z)  *  2z 


E'f' 


T2r(z) 


(D-29) 


Because  of  the  properties 


4zT2r(z)  = 


J - JL  x  (z) 

^T2l  dz  2r+2vz' 


-  2)  dz  T2r-2(z)  *  r>2. 


4zT2(z)  -  i^-TjCz) 


(D-30) 


^Tq(z)  -  ^T2(z) 


of  Chebyshev  polynomials,  we  find  from  formulae  (D-26)  to  (D-29)  that 


,(a) 

r 

-  „<la> 

’  ar-l 

-  „<la> 

Vl  * 

r  >  1 

(D-31 ) 

,<a> 

r 

“  br-l  ' 

h(U) 

’  Vl  * 

r  >  1 . 

(D-32) 
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Because  of  the  property 


4z  T2r(z)  =  T|?r_9|(z)  +  2T?r(z)  +  T9t.+?(z)  ,  all  integer  r  ,  (D-33) 


2r-2 


2r  2r+2 


of  Chebyshev  polynomials,  we  find  from  formula  (D-28)  that 


zif<a)(2)  -  ! 


£  (“Ml  *  2“r'S>  *  •«T>)T2r<‘)  '  <D-34) 

r=0  V 


Then,  on  using  formulae  (D-26),  (D-27),  (D-29)  and  (D-34)  we  get 


£'[< 

r=0  L 


(la)  (la)  (la) 

a i  . |  +  Za  +  a  . . 
r-1  r  r+1 


')  *  4a)  -  >‘a)] 


T2rW 


and 


r=0 


(D-35) 


df(a)<Z~  +  Tf2zf(a)(z)  =  2z  ^  [brU)  +  iir24a)]T2r(z)  »  (D_36) 


the  left-hand  sides  of  which  are  of  the  same  form  as  the  respective  left-hand 
sides  of  (D-24)  and  (D-25) . 

Let  us  now  take 


ada) 


=  0  , 


+  2a 


(la) 


+  a 


(la 

r+1 


>) 


+  a 


(a) 


r*M+2,  (D-37) 

r  > M  +  2,  (D-38) 

0  ,  0  «  r  «  M  +  1 ,  (D-39) 


T 


b(,a)  ♦  |w2a(a> 
r  *  r 
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0  <  r  <  M  +  I ,  (D-40) 


where  M  is  a  positive  integer. 

From  the  iiqposed  values  (D-37)  and  (D-38)  and  the  formulae  (D-31)  and 
(D-32)  we  get 

a^a)  -  0  ,  r  >M  +  3,  (D-41) 

b^a>  -  0  ,  r  >M  +  3.  (D-42) 

The  formulae  (D-35)  and  (D-36)  then  become 


df^(z)  ^  -(a) 


+  f(a)(z)  -  g(a)(z)  -  [ja^J 


Oa)  (a)  ,  (a)l  ,  . 

M+l  aM+2  bM+2JT2M+4() 


dg(a) (z)  .  _2.g(«)/^  ,  2  (a) 

dz  zf  (z)  it  zaM+2T2M+4^Z 


(D-43) 


(D-44) 


If  we  use  formula  (D-31)  to  eliminate  a|r_j I  from  formula  (D-39)  for 


r  >,  1  we  get 


(2r  ♦  l)a(a)  +  a0a)  +  a(*a)  -  b(a) 
r  r  r+I  r 


0,<r<M+l.  (D-45) 


The  formula  (D-45)  is  identical  with  formula  (D-39)  when  r  ■  0  and  it  is  there¬ 
fore  correct  when  r  ■  0  .  Formula  (D-45)  contains  one  less  coefficient  than 
does  formula  (D-39),  and  is,  on  that  account,  a  little  more  convenient  for  our 

purposes.  The  set  of  equations  (D-31),  (D-32),  (D-40)  and  (D-45)  is  sufficient 

„  ..  „  (la)  .(la)  (a)  ,(a)  (la)  .(la)  (a) 

to  enable  us  to  express  a^,  ,  b^,  ,  a^,,  bM+J,  ^  ,  bM  ,  ^  , 

b^a^ ,  ...,  a^*a\  b^*a\  a^,  b^a^  as  linear  combinations  of  the  undetermined 
M  U  U  U  U 

(a)  (a) 

coefficients  a^f2  an<*  bM+2  "  To  Procee<*  further  and  determine  the  values  of 

(a)  (a)  (a) 

the  coefficients  *^+2  and  b>H2  we  ““P086  specific  values  on  f  (0)  and 

g(a) (0)  .  Let  us  put 


fW(0)  *  f(0)  -  1 


g(a) (0) 


(D-46) 


(D-47) 


g(0) 


1 
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If  we  put  z  =  0  in  formula  (D-43) ,  use  the  values  (D-46)  and  (D-47),  the 
formula  (D-31),  and  the  property 

T2r(0)  =  (-  l)r  (D-48) 

of  the  Chebyshev  polynomials,  we  get  the  formula 

(2M  +  5)^  -  =  0  .  (D-49) 

If  we  put  z  =  0  in  formula  (D-26),  use  the  value  (D-46)  and  the  property  (D-48) 
of  the  Chebyshev  polynomials  we  get  the  formula 


* 


M+2 , 

l 

r=0 


(-  l)ra(a)  =  1 

r 


(D-50) 


We  now  proceed  as  follows,  with  a^+2  treated  as  an  undetermined  coefficient: 


put 

a°a) 

^1+3 

= 

0 

put 

(la) 

^1+3 

= 

0 

put 

(la) 

^1+2 

= 

0 

put 

,  (a) 
bM+2 

= 

0 

from 

formula 

(D-49)  evaluate 

h(a) 

bM+2 

= 

<2M.5)a“ 

r  — 

P  = 

+ 

1  ( 1  )M  +  2 

i 

from 

! 

formula 

+ 

(D-31)  evaluate 

O  (  1  a) 
M-p+2 

- 

4<H-p.3)^3  . 

(la) 

^-p+A 

1 

^from 

i 

formula 

(D-32)  evaluate 

•  (|a) 
M-p+2 

4(H-p.3)b«,3  4 

.  (la) 
M-p+4 

from 

formula 

(D-40)  evaluate 

.<«> 

M-p+2 

- 

2  s(,a> 

2  °M-p+2 

IT  v 

from 

formula 

(D-45)  evaluate 

T 

.J 

h(a) 

M-p+2 

- 

(2M-2p.5)a,<^2 

f  Si-p+2  + 

(la) 

rn-p+3 

(D-51) 
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From  the  procedure  (D-51)  we  get  in  turn  b^,  a^}a) ,  b^a) ,  a^{,  fl£,a>» 

b^la\  b^a^ *  ****  a0la^’  biU)*  a^a)»  as  known  multiples  of  the 

(al  (a) 

undetermined  coefficients  a^'  •  If  then  we  insert  the  multiples  of  a^(^  for 

a  ,  r  »  0(1)M  + 1  ,  into  the  equation  (D-50)  we  can  determine  the  value  of  the 
r  (a) 

coefficient  a^+£  from  this  we  may  then  determine  the  values  of  the 

coefficients  ,  r  *  0(1)M+1  ,  and  b^a^  ,  r  *  0(l)M  +  2  .  The  approxima- 

(a)  (a) 

tions  (D-26)  and  (D-27)  for  f  (z)  and  g  (z)  are  now  known  and  may  be 
written  as 


f(a) (z) 


M+Z. 

■I 


-  1  <  z  <  I ,  (D-52) 


8(i)(z) 


M+Z , 

•  E 


b‘*>T2l(2) 


-  ]  <  z  <  1 .  (D-53) 


The  approximations  f  ^  (z)  and  g^  (z)  of  formulae  (D-52)  and  (D-53)  are 
good  approximations  to  f(z)  and  g(z)  only  if  the  coefficients  of  T2m+4^ 
on  the  right-hand  sides  of  equations  (D-43)  and  (D-44)  are  very  small  compared 
with  unity.  It  is  found  that  these  coefficients  do  become  progressively  smaller 
as  the  value  of  M  is  increased  and  we  can  take  M  to  be  high  enough  for 
f(a)(z)  and  g^(z)  to  be  accurate  representations  of  f(z)  and  g(z)  to  any 
given  number  of  decimal  digits. 

(a) 

We  now  take  an  approximation  k  (z)  to  k(z)  of  formula  (D-8)  to  be 
given  by  the  formula 


k(a)(z) 


f(a)(z)  -  f(a)(l) 

rr? 


(D-54) 


Even  though  f(l)  is  zero,  fv  '(1)  is  not  precisely  zero  and  hence  it  has  to 

(a) 

be  brought  into  the  formula  (D-54).  The  function  k  (z)  defined  by  formula 
(D-54)  may  be  written  as  the  series  of  Chebyshev  polynomials 


*'*><«> 


M+l, 

-E 


•*r*>T2r<*> 


-  1  <  z  <  1 .  (D-55) 
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16) 


By  using  the  series  (D-52)  and  (D-55)  and  the  property  (D-33)  of 
Chebyshev  polynomials  we  get  from  formula  (D-54)  the  equation 

0  -  f(a)(z)  -  f(a)(l)  -  (1  -  z2)k(a)(z) 


ara)T2r(z)  "  fU) 


<»**£  (d|r-l|  - 


*(dM  "  2dM+l}r2M+2(zJ  +  *dM+|I2M+4fzJ 


(D-56) 


Equating  to  zero  the  coefficients  of  T2r(z)  ,  r  =  0(l)M+2  ,  in  equation  (D-56) 
we  get  the  set  of  equations 


).<*>  -  £(a,0)  *  j(d<*>  -  d<»>) 

.<*>  ♦  -  2d<a>  *  d(8>) 

r  *  V  r-1  r  r+1 ) 


(a)  +  \(a^ 

4+1  +  *^M  2dM+i; 


(D-57) 


r  =  1 ( 1 )M,  (D-58) 


(D-59) 


_ (a)  i,  (a)  _ 

^1+2  *^+1  0 


(D-60) 


By  using  the  property 


T2rO)  -  . 


(D-61) 


of  Chebyshev  polynomials  and  the  series  (D-52)  for  fv  ' (z)  we  can  write  the 
equation  (D-57)  in  the  form 


M+2  x 


(D-62) 


This  is  precisely  the  equation  that  we  get  if  we  add  together  all  the  equations 
(D-58) ,  the  equation  (D-59)  and  the  equation  (D-60) ,  and  it  is  therefore 
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redundant.  From  the  set  of  M  +2  linear  equations  (D-58),  (D-59)  and  (D-60)  we 

(a) 

can  determine  the  M+2  coefficients  d'  »  r  *  0(1)M+  1  ,  in  terms  of  the 

(a)  T 

M+2  known  coefficients  a^  ,  r  =  l(l)M+2  .  The  approximation  (D-55)  for 
k^(z)  is  then  known.  We  now  take  an  approximation  £,^a\z)  to  £(z)  of 
formula  (D-21)  to  be  given  by  the  formula 


£(a)(z)  =  g(a)(z)  +  2k(a)(z)  -  g (a)  ( 1 )  -  2k(a)  ( 1 ) 

1  -  z2 


(D-63) 


Even  though  g(l)  and  2k ( 1 )  are  zero,  g  (1)  +  2k  (1)  is  not  precisely 

zero  and  hence  it  has  to  be  brought  into  the  formula  (D-63).  The  function 
(a) 

Z  ' (z)  defined  by  formula  (D-63)  may  be  written  as  the  series  of  Chebyshev 
polynomials 


l 


(a) 


(z) 


(z) 


-  Uzj  1 .  (D-64) 


By  using  the  series  (D-53) ,  (D-55)  and  (D-64)  and  the  property  (D-33)  of 
Chebyshev  polynomials  we  get  from  formula  (D-63) 

0  =  g(a)(z)  +  2k(a)(z)  -  g(a)(l)  -  2k(a)(l)  -  (1  -  z2) £ (a) (z) 


%  (*>  *  <>) 


T2rW  *  b*2T2M.4W  '  -2t<a><,> 


'  Z  '  ““  *  tr‘i)I2r(z>  *  lf«a)  -  2lM*l)T2M«<z> 

r=0 


+  ^M+lT2M+4(z) 


(D-65) 


Equating  to  zero  the  coefficients  of  T2r(z)  ,  r  =  0(l)M+2  ,  in  equation  (D-65) 
we  get  the  set  of  equations 
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|b^a)  +  d<a)  -  g(a)(l)  -  2k(a) (1)  +  j 

-  0  , 

(D-66) 

b(a)  +  2d(a)  +  - 

r  r  ^  r- 1 

2t<»>  ♦  .«) 

-  0  ,  r-  1  (1  )M, 

(D-67) 

v i  qj  (^)  .  1  | 

bM+l  +  2dM+l  +  *1 

"i 

CM 

-  0  , 

(D-68) 

=  0  . 

(D-69) 

By  using  the  property  (D-61)  of  the  Chebyshev  polynomials  and  the  series  (D-53) 
(a)  (a) 

and  (D-55)  for  g  ’ (z)  and  k  (z)  respectively  we  can  write  the  equation 
(D-66)  in  the  form 

M+2  M+l 

Y  b<*>  ♦  2  y  d<a> 

r»l 

This  is  precisely  the  equation  that  we  get  if  we  add  together  all  the  equations 
(D-67),  the  equation  (D-68)  and  the  equation  (D-69),  and  it  is  therefore  redun¬ 
dant.  From  the  set  of  M+2  linear  equations  (D-67),  (D-68)  and  (D-69)  we  can 
determine  the  M+2  coefficients  ,  r  =  0(1)M+  1  ,  in  terms  of  the  known 

coefficients  ,  r  =  l(l)M  +  2  and  d^  ,  r  =  1(1)M+1  .  The  approxima- 

r  /  \  r 

tion  (D-64)  for  (z)  is  then  known. 

(a) 

We  now  seek  an  approximation  h  (z)  to  h(z)  of  formula  (D-23)  as  the 
series  of  Chebyshev  polynomials 


-  ifr  -  *0w)  -  °  • 


(D-70) 
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of  Chebyshev  polynomials  we  get  the  formula 


k(a)(z)h(a) (z)  = 


M+l,  »  f 

Z  di*V*>  Z  cs°>T2sM 

r=0  s=0 


M+ 1 ,  CD 

r-*  r"1 


=  *  A  L  dra)csa){T|2r-2s|(z)  +  T2r+2s(z)} 


r=0  s=0 


00 

I 

p=0 


*  >  Vz) 


y  (d(a)  +  d(a)v(a)  +  y  (d(a)  +  d(aMc(a) 

A  '  P-q  P+q/  q  \  q-p  q+p/  q 

q=0  q=p+ 1 


(D-73) 


in  which  we  have  taken 


d(a)  =  0  , 

r  ’ 


r  iM+2.  (D-74) 


Hence 


k(a) (z)h(a)(z)  -  £(a)(z) 


t 

p=0 


T2p<2)< 


*  dC:))'U,  *  t  (d<a)  *  d<a))c 

V  p-q  p+q  /  q  A  '  q-p  q+p / 


(a) 


q=p+l 
M+l  , 


-z 

p=0 


P  2p 


(a) 

We  choose  the  coefficients  c^  '  such  that 


(D-75) 


M+l 

‘doa,'oa>  *  !  Z  <a)<a)  - 

q=l 


(a) 


Pi  M+l 

i  )  (dn^  +  d<!))c(a)  +  i  V  fdU)  +  d(a)\ 

A  '  P~^  P+<1'  *1  /  .  \  q-p  q+p/ 

q-0  q=p+l 


(a)  _  .(a) 


(D-76) 

(D-77) 
p  =  1  (1)M 
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i 


+  d 


(a) 

"p+q 


(D-78) 


q  >  M  +  2.  (D-79) 


The  equations  (D-76)  to  (D-78)  are  a  set  of  M+2  linear  simultaneous  equations 

(cl)  , 

from  which  the  M  +  2  coefficients  c  ,  r  =  0(l)M+  1  ,  may  be  determined  in 

(cl)  (a) 

terms  of  the  known  coefficients  ,  r  =  0(l)M+l  ,  and  d^  ,  r  =  0(l)M+l  . 

The  coefficients  in  equations  (D-76)  to  (D-78)  are  a  symmetric  set. 

(a) 

When  the  coefficients  c^  ,  r  =  0(l)M+  1  ,  have  been  determined  the 

•  (cl) 

approximation  (D-71)  for  h  (z)  is  known  and  may  be  written  as 


h(a)<z> 


M+l  , 

'I 

r=0 


-  1  z  «  ) 


(D-80) 


By  using  the  equations  (D-76)  to  (D-78)  in  formula  (D-75)  we  get  the  formula 

2M+2  M+l 

k(a)(z)h(a)(z)  -  ^  T2p(z)  Yj  dp-qCq3)  '  (D_81) 

p=M+2  q=p-M~l 

(a) 

Therefore  the  function  h  (z)  given  by  formula  (D-80)  is  a  good  approximation 
to  the  function  h(z)  of  formula  (D-23)  if  all  the  coefficients 

M+l 

i  ^  dp-qCq3)  *  P  =  M+2(l)2M  +  2, 

q=p-M-l 

appearing  on  the  right-hand  side  of  formula  (D-81)  are  very  small  compared  with 
unity.  It  is  found  that  these  coefficients  do  become  progressively  smaller  as 
the  value  of  M  is  increased. 

(a) 

We  now  take  an  approximation  H  (z)  to  H(z)  of  formula  (D-15)  to  be 
given  by  the  formula 
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H(a)  (z) 


z 

*/ 


»wv*. 


The  function  H<a)(z)  defined  by  formula  (D-82)  may  be  written  aa  the 
Chebyshev  polynomials 

M+l , 

H(a)(z)  =  ^  era)T2r(z)  * 

r=0 


By  using  the  property 


zT2r(z)  -  i{TJ2r-l|(z>  +  T2r+l(z)} 
of  Chebyshev  polynomials,  we  find  from  formula  (D-83)  that 


zH(a) (z) 


!  E(erS)  ‘<£})w>  *  *«S}W‘>  • 

r=0 


By  using  the  properties 

2T2r(2)  ’  STTT  &  T2fl  <z>  ‘  TITHT  S'  T2r-1  <z> 

wo<*>  ’  !E',« 


of  Chebyshev  polynomials,  we  find  from  formula  (D-80)  that 


/  h<*>(*0>4*0 

0 


r(aA  W«>  A  „(a)  T2H*3(z) 
r+1/  (2r  +  1)  Tf+l  2  (2M  +  3)  * 


Hence,  from  formula  (D-82)  on  using  formulae  (D-85)  and  (D-87)  we  get 


(D-82) 

series  of 

(D-83) 

(D-84) 

(D-85) 

r  5- 1 , 

(D-86) 

(D-87) 
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M 


r=0 


+  e 


(a)' 

r+L 


|T2r+.(z) 


^eM+lT2M+3 


(z) 


r=0 


(a)\  X2r+l(z)  ,  (a)  X2M+3(z) 
r+1/  (2r+lj  5CM+1  (2M+3) 


(D-88) 


Equating  the  coefficients  of  T2r+i^z)»  r  =  0(l)M+l  ,  on  both  sides  of  equation 
(D-88)  we  get  the  set  of  equations 


+  e 


(a) 

r+1 


1 

(2r  +  1 ) 


r  =  0(l)M,  (D-89) 


e.(a)  =  - . 1 .  c(«) 

Tl+1  (2M+3)  M+l 


(D-90) 


From  the  set  of  M+2  linear  equations  (D-89)  and  (D-90)  we  can  determine  the 

(a) 

M  +  2  coefficients  e^_  ,  r  =  0(l)M+  1  ,  in  terms  of  the  M+2  known  coefficients 

r  =  0(1)M+  1  .  The  approximation  (D-83)  for  (z)  is  then  known  and 

the  approximation  for  1(6)  is  obtained  from  formula  (D-14)  on  replacing  H(z) 
by  H(a)(z)  . 

We  now  collect  together  results  and  give  numerical  values  that  have  been 
obtained  for  the  coefficients  using  the  processes  described.  We  take  M  large 
enough  for  the  values  obtained  as  approximations  to  be  indistinguishable  from 
the  exact  values  to  the  number  of  decimal  places  quoted. 

From  formulae  (D-5)  to  (D-7),  (D— 1 7 )  and  (D-18)  we  have 

sin  9  _  /0  \  „  , 

=  V^rfc)  ’  -**0**’  <D~91> 

r=0 

A  ’ 

cos  6  =  )  brT2r(f)  ’  (D-92) 

r=0 


168 


Appendix  D 


ao 

= 

0.85786189571 

bo 

= 

-0.60848435529 

al 

c 

-0.49547838573 

b. 

= 

-0.97086786526 

a2 

= 

0.07090604556 

b2 

0.30284915526 

a3 

= 

-0.00451782771 

b3 

= 

-0.02909193397 

a4 

= 

0.00016294515 

b4 

= 

0.00139224399 

a5 

= 

-0.00000378582 

b5 

= 

-0.00004018994 

a6 

= 

0.00000006144 

b6 

= 

0.00000077828 

a7 

= 

-0.00000000074 

b7 

= 

-0.00000001083 

a8 

= 

0.00000000001 

b8 

= 

0.00000000011 

a9 

= 

-0.00000000000 

b9 

= 

-0.00000000000 

From  Formulae  (D-5),  (D— 11)  and  (D-19)  we  have 


8  cos  8 
sin  6 


-  tt  <  8  <  it. 


where  = 


From  formula  (D-5),  (D-14)  and  (D-16) 
1(8)  =  2tt  log^j- 


4.55924045122  *\ 

-0.74814923172 
-0.02949333285 
-0.00184181211 
-0.00012625400  j 

-0.00000891042  ^ 

-0.00000063548 
-0.00000004550 
-0.00000000326 
-0.00000000023  , 

-0.00000000002 

-0.00000000000  .  J 

we  have 

L|)  -  20  £  erT2r(f)  . 

r=0 


\ 


(D-93) 


(D-94) 


(D-95) 


(D-96) 
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eQ  -  5.54164409617 

e,  -  -0.23425441323 

e2  «  -0.00529755301 

e3  -  -0.00023275109 

e.  -  -0.00001232864 

4 

e5  *  -0.00000070953 

e,  «  -0.00000004273 

D 

e?  -  -0.00000000265 
e8  =  -0.00000000017 

e9  -  -0.00000000001 

»  -  -0000000000000 
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ANALYTICAL  EVALUATION  OF  SPANWISE  INTEGRALS 


In  this  Appendix  we  derive  the  tractable  expressions  for  the  spanvise 
integrals 

1 

I  login -nQ  dnQ  »  log|n|  +  -|(i-n)*  log^|---^j^j^ 


4  4 

“  y  0  -n)  -  ~  , 


(E-l) 


/  dn°  ■  2 '  ^  1o8(t^)  • 


(E-2) 


0  (n  ’  no) 


2  dn0 


2 


/i  +  /r^\  i 
s(,  ~ n 


(E-*3) 


Let  us  write 


login -n0Kl  -n0  dnQ 


(E-4) 


We  have  then 


i 

L(n)  =  ~§  f  log^-^l  d^  {(1'n0^}dn0 


-  |  [login -nQ|(l  *  V^]Q  "  T  / 


'  (1"no)!  j 

(n  -  nQ)  n0 


i  log|n|  -f/  <2-n-u0)  7p==  “  T  (,'n)2  / 


•§  log|n |  -  I  -n)  -  f  U  -n)2  j  (n . 


(E-5) 
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How 


The  expressions  (E-l)  to  (E-3)  have  therefore  been  obtained.  The  expression 
(E-2)  could,  alternatively  be  obtained  directly  by  using  the  result  (E-6) 
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NUMERICAL  EVALUATION  OF  y  F(x,y;v,M) 


The  function  F(x,y;v,M)  is  defined  in  formula  (2-22)  of  the  main  text. 


We  shall  write 


y  F(x,y;v,M)  =  3Q(x,y;v,M) 


.  4  _  ,  {  M(Mx  +  R)3  .  M262x  .  2M(Mx  +  R) 

+  y  exp(-  iv X)  - = - +  T“2 - 2~  - 2 - 2~2 

(R(xZ  +  y  )  R^x^  +  y2)  R(x  +  y  ) 


M  (Mx  R) 
R2  (x2  +  y2) 


(F—  1 ) 


where 


Q(x,y;v,M)  =  y 4  f  exp(- ivX)  — 

l  (X2  +  y2)’ 


00 

/  exp(-iv|y|x)  — —— T-  , 

x/|y|  ^2+1>§ 


(F-2) 


-  x  +  MR 


(F-3) 


The  only  part  of  the  right-hand  side  of  formula  (F-l)  that  is  at  all  complicated 
to  evaluate  is  Q(x,y;v,M)  .  The  methods  of  evaluation  are  different  for 
|x|/|y|  large  and  for  |x|/|y|  not  large.  We  shall  first  consider  the  case 
when  |  X  |  / 1  y  |  is  not  large . 


We  write  formula  (F-2)  in  the  form 


x/lxl 


0  /  I  *  I 

Q(x,y;v,M)  -  /  exp(-iv|y|x)  — ~  ■  «  -  f  exp(-iv|yfx) — yd-X- - »  . 

I  (X^+l)*  i  (XZ+1)* 


(F-4) 
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The  integral  over  the  finite  interval  ^0,  x/|y|J  of  X  on  the  right-hand  side  of 
formula  (F-4)  can  be  evaluated  numerically  in  a  straightforward  manner.  The 
procedure  adopted  is  to  divide  the  interval  ^0,  x/|y|j  into  a  number  of  sub¬ 
intervals,  the  length  of  any  subinterval  not  being  greater  than  1  or  /v  [  y  |  . 

A  Caussian  numerical  integration  with  weight  function  1  is  then  carried  out  over 
each  subinterval  using  a  small  number  of  integration  points.  This  procedure  is 
satisfactory,  except  when  the  number  of  subintervals  becomes  very  large,  as 
happens  if  either  | X |  /| y j  or  v|xj^ir  is  very  large.  We  do  not  anticipate 
dealing  with  such  a  large  v  that  v|x[/u  is  so  large  that  the  above  procedure 
is  unacceptable,  but  |x|/|y|  could  be  large  enough  to  make  the  above  procedure 
unacceptably  lengthy.  We  shall  later  choose  a  demarcation  value  of  |x|/|y|  and 
when  | X | / | y |  is  greater  than  this  value  use  a  different  procedure  for  obtaining 
Q(x,y;v,M)  from  formula  (F-2) . 

We  write  the  integral  over  the  infinite  interval  (0,°°)  of  A  on  the  right- 
hand  side  of  formula  (F-4)  in  the  form 


dA _ 

(X2+  0* 


F  (v  I  y  |)  +  ic(v|y|) 


(F-5) 


where  the  functions  F(a)  and  G(a)  are  real  functions  of  a  for  real  a  . 
These  functions  may  be  expressed  in  terms  of  modified  Bessel  and  Struve  functions 
but  are  better  expressed  in  terms  of  expansions  in  series  of  Chebyshev  poly¬ 
nomials  as  far  as  their  numerical  evaluation  is  concerned. 

As  in  Ref  1 1  we  may  write  for  A  <  a  <  <*>  , 

F  (a)  =  a/a  e_a  ^  Ar(A)Tr(v  “  0  »  (F_6) 

r=0 

G(a)  -  V«T2r(£)  "  (F-7) 

r*»0 


and  for  0  <  a  <  A  , 
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00  00 

'<«)  ■  Yj  Dr<A)T2r(x)  -  £  Z  Cr<A>T2r(x)  Ml)  - 


(F-8) 


00  oo 

G(a)  -  »  £  VA>T2r(f)  -  ^  £  VA)T2r(x)  ■ 


(F-9) 


where  A  is  any  positive  quantity  which  we  call  the  demarcation  value  of  a  , 
and  the  dash  *  on  the  summation  sign  is  used  to  indicate  that  the  r  ■  0 

term  must  be  multiplied  by  J  before  being  summed.  The  Chebyshev  polynomial 
Tr(x)  is  a  polynomial  of  degree  r  in  x  which  is  given  by  formula  (C~55)  of 
Appendix  C. 

The  coefficients  Ar(A),  Br(A),  C^CA),  Dr(A)  and  Rr(A)  for 
r  *  0,1,2,...,  for  a  given  value  of  A  may  be  determined  numerically  by  apply¬ 
ing  the  method  of  Clenshaw^  as  is  done  in  Ref  11.  If  we  take  A  »  6  we  get 
the  following  values  of  these  coefficients. 


V6) 

= 

0.97290965 

Bq(6) 

= 

2.18559166 

A,  (6) 

= 

0.06979380 

B,  (6) 

= 

0.09347555 

A2(6) 

= 

0.00109596 

B2(6) 

= 

-0.00455837 

A3(6) 

= 

-0.00001391 

B3(6) 

= 

-0.00497478 

A4(6) 

= 

0.00000046 

B4(6) 

= 

0.00083423 

A5(6) 

= 

-0.00000002 

B5(6) 

= 

0.00033774 

B6(6) 

= 

-0.00022727 

B?  (6) 

= 

0.00004726 

Bg(6) 

s 

0.00001560 

B9(6) 

= 

-0.00001833 

B,o(6) 

3 

0.00000845 

B,, (6) 

= 

-0.00000167 

B12(6) 

-0.00000083 

B,3(6) 

S 

0.00000108 

B,4(6) 

- 

-0.00000066 

B15(6) 

s 

0.00000026 

Bj6(6) 

= 

-0.00000003 

B1?(6) 

= 

-0.00000005 

Bi8(6) 

m 

0.00000006 

(F-l 0) 
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b,9(6)  = 

-0.00000004 

b20<«)  - 

0.00000002 

B2,<6)  - 

-0.00000001 

J 

co(6) 

= 

9.3272289335 

D„<6> 

=  -21.1445074586 

V6> 

= 

89.6519446660" 

Cj  (6) 

= 

4.5653364673 

D,(6) 

=  -8.2323109678 

R,(6) 

= 

67.1285359307 

C?(6) 

= 

1.0237269949 

D2(6) 

=  8.6396331451 

R2(6) 

= 

27.5576475013 

C3(6) 

= 

0.1325631694 

D3(6) 

=  7.5551643451 

R3(6) 

= 

j. 4272223460 

Ca(6) 

= 

0.0111952468 

D4(6) 

=  2.2416456662 

R4(6) 

= 

3.9205238336 

C^(6) 

= 

0.0006654445 

D5(6) 

«  0.3516684303 

R5(6) 

= 

3.0872610556 

C6<6) 

= 

0.0000293443 

V6) 

=  0.0343487266 

V6> 

= 

3.0058179902 

C?(6) 

= 

0.0000009979 

D?(6) 

=  0.0022925634 

R7(6) 

= 

3.0002861205 

Cs<6) 

= 

0.0000000270 

De<6) 

=  0.0001112114 

R8(6) 

= 

3.0000107737 

C9(6) 

= 

0.0000000006 

D9(6) 

=  0.0000040983 

V6) 

= 

000000003200 

D,o(6> 

=  0.0000001186 

Rj0(6) 

= 

( 

3.0000000077 

D,,<6) 

=  0.0000000028 

R, j (6) 

= 

( 

3.0000000002 

.  (F-l 

If 

we  now  use  the 

values  of 

the  coefficients  A 

r 

(6),  Br(6), 

C, 

r(6),  Dr(6) 

and  R 

r 

(6) 

from  lists  (F- 

-10)  and  (F-ll)  in  formulae  (F-6)  to  (F- 

-9), 

,  and  neglect 

the  remaining  higher  order  coefficients,  we  can  evaluate  F(a)  and  G(o)  for 
any  given  value  of  a  .  By  doing  this  for  all  the  integers  a  from  0  to  25, 
using  11  significant  figures  in  the  arithmetic,  we  find  the  values  F(a)  and 
G(a)  of  Table  FI. 

The  function  values  tabulated  in  Table  FI  should  all  be  correct  to  seven 
decimal  places.  To  achieve  this  accuracy  the  coefficients  A^(6)  and  B^(6) 
need  to  be  given  only  to  seven  decimal  places  because  of  the  respective 
multipliers  aSai  e  a  and  1/a  in  formulae  (F-6)  and  (F-7).  The  coefficients 
Cr(6),  Dr(6)  and  Rr(6)  need  to  be  given  to  more  than  seven  decimal  places 
so  as  to  guard  against  truncation  errors. 


176 


Appendix  F 


Table  FI 


Procedures  when 


a 

F  (a) 

G(a) 

0 

0.6666667 

0.0000000 

1 

0.5416130 

-0.2699953 

2 

0.3383463 

-0.3614598 

3 

0.1845314 

-0.3446732 

4 

0.0928076 

-0.2926542 

5 

0.0442412 

-0.2396526 

6 

0.0203036 

-0.1962890 

7 

0.0090578 

-0.1634097 

8 

0.0039533 

-0.1389717 

9 

0.0016956 

-0.1206699 

10 

0.0007170 

-0.1066765 

11 

0.0002996 

-0.0957016 

12 

0.0001240 

-0.0868746 

13 

0.0000509 

-0.0796128 

14 

0.0000207 

-0.0735224 

15 

0.0000084 

-0.0683317 

16 

0.0000034 

-0.0638482 

17 

0.0000013 

-0.0599322 

18 

0.0000005 

-0.0564793 

19 

0.0000002 

-0.0534101 

20 

0.0000001 

-0.0506626 

21 

0.0000000 

-0.0481880 

22 

0.0000000 

-0.0459468 

23 

0.0000000 

-0.0439072 

24 

0.0000000 

-0.0420428 

25 

0.0000000 

-0.0403316 

is  large 


To  evaluate  Q(x,y;v,M)  when  x/|y|  is  large  and  positive  we  replace 
2  4 

1 / ( A  +1)  in  the  integrand  on  the  right-hand  side  of  (F-2)  by  its  expansion  as 
a  power  series  in  1 / A  and  integrate  term  by  term  to  get 


Q(x»y;v»M)  -  jW  ,77 


(F-12) 


where 


CO 

,  _  r-1  f  -iv  dv 

Sr(a)  =  <*  I  e  —  , 

t  v 


r  =  5,7,9 . (F-13) 


The  expansion  on  the  right-hand  side  of  formula  (F-15)  is  convergent  for 
x/|y|  >  1  and,  the  larger  | y |  is,  the  faster  does  the  expansion  (F-15) 


79125 


Appendix  F 


I 


converge,  ie  the  fewer  terms  in  a  finite  truncation  of  it  are  necessary  to  get 
Q(x,y;v,M)  to  a  given  accuracy.  We  arbitrarily  choose  to  use  the  expansion  on 
the  right-hand  side  of  formula  (F-15)  for  obtaining  Q(x,y;v,M)  when 

x/|y|  >  2  . 

To  evaluate  the  function  E2r+5^a^  we  fi-rst  use  the  recurrence 
relationships 

„  ,  ..  f  1  ia  1  -iu  a?'  _  .  . 

E2p+5(a)  =  [(2p  +  4)  "  (2p  +  4)  (2p  +  3)  Je  (2p  +  4y(2p  +  3)  E2p+3(a)  » 

p  =  1 ,2 . r ,  (F—  1  ^ 

to  express  ^2r+5 (a)  terms  E^(a)  • 

We  may  express  E^(a)  in  terms  of  expansions  in  series  of  Chebyshev 
polynomials  as  follows.  For  A  <  a  <  «  , 


E5(a)  = 


and  for  0  a  4:  A 


-r£  Pr<A>T2r(£)  +  ^T-  £  Gr(A)T2r(t)  -  <p-'' 


r=0 


r=0 


■  °°  t 1  “  1 

,(a)  -  2,  «r<A»2r(j)  -  i«  2,  Nr<A)T2r(l) 


r=0 


r=0 


-  i  bd)  *  ‘  ?]  • 


(F-l< 


V-1 


where  A  is  any  positive  quantity  and  the  dash  ’  on  the  summation  sign  / 


is  used  to  indicate  that  the 
sumned. 


l—i 


r  =  0  term  must  be  multiplied  by  J  before  being 


The  coefficients  Fr(A),  Gr(A),  Mr(A)  and  Nr(A)  for  r  =  0,1,2,..., 
for  a  given  value  of  A  may  be  determined  numerically  by  applying  the  method 
of  Clenshav1^.  If  we  take  A  =  7  we  get  the  following  values  of  these 


coefficients. 
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V7> 

9 

7.65464134 

F ,  (7) 

8 

-0.96462278 

F2(7) 

SB 

0.16324156 

F3(7) 

8 

-0.03370690 

V7> 

= 

0.00804303 

F5(7) 

= 

-0.00214405 

V7> 

= 

0.00062424 

F7(7) 

= 

-0.00019538 

00 

w 

= 

0.00006497 

Fg(7) 

= 

-0.00002276 

F,o<7> 

= 

0.00000834 

Fll(7) 

= 

-0.00000318 

F12(7> 

= 

0.00000125 

f)3(7) 

8 

-0.00000051 

F.4(7> 

= 

0.00000021 

FI5(7) 

= 

-0.00000009 

F,6<7> 

m 

0.00000004 

F, 7  <7) 

= 

-0.00000002 

F18<7> 

8 

0.00000001 

Mo(7> 

= 

-8.1968704256 

M,(7) 

8 

-1.2957315228 

M2(7) 

2 

4.3296154754 

M3(7) 

8 

1.1511218834 

V7> 

= 

-0.1139924574 

M5(7) 

K 

0.0109250052 

m6(7) 

2 

-0.0008225064 

1^(7) 

S 

0.0000476892 

V7> 

SE 

-0.0000021631 

M9(7) 

= 

0.0000000784 

l10<7> 

m 

-0.0000000023 

G0  (?) 

s 

-1.62909283 

0,(7) 

8 

0.15793332 

g2(?) 

8 

-0.02233109 

G3(7) 

= 

0.004031 32 

V7> 

S 

-0.00086486 

G5(7) 

= 

0.00021 119 

G6(7> 

= 

-0.00005708 

G?(7) 

= 

0.00001675 

g8(7) 

= 

-0.00000526 

G9(7) 

= 

0.00000175 

G10(7> 

= 

-0  .0000006 1 

Gll(7> 

= 

0.00000022 

g,2(7) 

= 

-0.00000009 

G13(7> 

= 

0.00000003 

G14(7> 

= 

-0.00000001 

G15(7) 

= 

0.00000001 

J 


V7) 

= 

-18.97729492493 

N,(7) 

= 

-1 1 .49601388513 

N2(7) 

= 

-1.54991532641 

N3(7) 

= 

0.11181784175 

N4(7) 

= 

-0.01128845453 

N5(7) 

= 

0.00094668728 

V7> 

s= 

-0.00006153704 

N?(7) 

= 

0.00000311325 

V7> 

s 

-0.00000012490 

N9(7) 

= 

0.00000000405 

'io(7> 

-0.0000000001 1 

(F-17) 


(F-I8) 
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If  we  now  use  the  values  of  the  coefficients  Fr(7),  G^(7),  Mf(7)  and 
Nr(7)  from  lists  CF— 17)  and  (F-18)  in  formulae  (F— 15)  and  (F-16),  and  neglect 
the  remaining  higher  order  coefficients,  we  can  evaluate  E^(a)  for  any  given 
value  of  a  .  By  doing  this  for  all  the  integers  a  from  0  to  25,  using  11 
significant  figures  in  the  arithmetic,  we  find  the  values  E^(a)  of  Table  F2, 
which  should  all  be  correct  to  seven  decimal  places. 


Table  F2 


a 

Re  E5(o) 

Im  E^ (a) 

0 

0.2500000 

0.0000000 

1 

0.0634432 

-0.2238488 

2 

-0.1651166 

-0.1220548 

3 

-0. 1565215 

0.0891612 

4 

0.0102838 

0.1585032 

5 

0.1292800 

0.0567047 

6 

0.0998466 

-0.0776958 

7 

-0.0172737 

-0.1129685 

8 

-0.0970204 

-0.0374071 

9 

-0.0743392 

0.0595212 

10 

0.0123485 

0.0868580 

11 

0.0749055 

0.0314710 

12 

0.0610885 

-0.0445369 

13 

-0.0058908 

-0.0703972 

14 

-0.0592043 

-0.0297628 

15 

-0.0530658 

0.0327766 

16 

-0.0000229 

0.0588926 

17 

0.0473720 

0.0294235 

18 

0.0474840 

-0.0234137 

19 

0.0050336 

-0.0501302 

20 

-0.0379780 

-0.0294366 

21 

-0.0431  167 

0.0157951 

22 

-0.0091639 

0.0429975 

23 

0.0302142 

0.0294084  j 

24 

0.0393758 

-0.0094831 

25 

0.0125094 

0.0369004 

We  may  now  evaluate  Q(x,y;v,M)  from  the  infinite  series  (F-12)  when 
x/|y|  >2  if  we  use  the  relations  (F-14)  to  express  the  E2r+^ (vX)  in  terms  of 
E^(vX)  and  then  evaluate  E,_(vX)  from  either  the  formula  (F— 15)  or  the 
formula  (F-16)  depending  on  whether  vX > A  or  vX < A  . 


180 


Appendix  F 


To  evaluate  Q(x,y;v,M)  when  xf |y|  is  large  and  negative,  we  write, 
from  formula  (F-2) , 


-  x/|y| 

Q(x,y;v,M)  =  J  exp(- iv|  yj  a)  — -  J  exp(-iv|y|x) 


2F (v [ y ()  -  exp(ivjy|x)  — ~ ~  1 

V  '  -X/  y  |  ^ 


(F— 19) 


The  evaluation  of  F(a)  has  already  been  considered  according  to  formulae  (F-6) 
and  (F-8) .  The  evaluation  of 


i(iv|y|x) 


(X  +  1  )* 


(F-20) 


for  -x/|y|  >2  is  identical  to  the  evaluation  of  Q(x,y;v,M)  for  x/| y |  >2  , 
apart  from  a  change  in  the  sign  of  the  imaginary  part. 
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Table  1 


NUMERICAL  VALUES  OF  APPROXIMATIONS  .  ,  i  =  1(1)6,  j  =  1(1)6,  TO  THE 


GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAILPLANE  CONFIGURATION 


OF  EXAMPLE  4.1 


Oil 

q;2 

$i3 

$U 

q;5 

SI  6 

0.0551 

(0.0564) 

-1 .3825 
(-1 .3838) 

0.0372 

(0.0382) 

-1.1223 
(-1 .1240) 

0.0340 

(0.0351) 

-0.8825 

(-0.8844) 

$12 

Q" 

w13 

< 

$15 

$16 

-1  .3871 
(-1.3887) 

-1.7644 
(-1 .7837) 

-1.1197 

(-1.1217) 

-1 .3196 
(-1  .3357) 

-1 .2013 
(-1 .2040) 

-1  .0135 
(-1  .0283) 

$2! 

$22 

$23 

$24 

$25 

^26 

0.0504 

(0.0508) 

-0.2083 

(-0.2037) 

0.0399 

(0.0402) 

-0.1930 

(-0.1893) 

0.0421 

(0.0426) 

-0. 1569 
(-0.1539) 

6" 

W21 

6" 

^22 

6" 

^23 

6" 

^24 

6" 

W25 

6" 

^26 

-0.2329 

(-0.2283) 

-1 .0596 
(-1.0667) 

-0.2113 

(-0.2080) 

-0.8280 

(-0.8347) 

-0.2455 

(-0.2423) 

-0.6442 

(-0.6500) 

$31 

^32 

$33 

$34 

Q' 

j5 

^36 

0.0371 

(0.0381) 

-1 . 1 198 
(-1 .1209) 

0.0577 

(0.0585) 

-1  .3610 
(-1 .3630) 

0.0847 

(0.0856) 

-1.1705 
(-1 .1726) 

6" 

W31 

6” 

M32 

Q" 

v33 

6" 

^34 

6" 

W35 

6" 

^36 

-1  .1169 
;  (-1.1118) 

-1.3154 
(-1 .3310) 

-I .3684 
(-1.3703) 

-1.7771 

(-1.7903) 

-1 .8537 
(-1 .8567) 

-1.5554 

(-1  .5680) 

$41 

$42 

$43 

$44 

$45 

$« 

0.0396 

(0.0399) 

-0.1927 

(-0.1890) 

0.0502 

(0.0504) 

-0.2050 

(-0.2018) 

0.0689 

(0.0691) 

-0.1718 

(-0.1691) 

6" 

^41 

Q" 

V42 

Q" 

W43 

0M 

^44 

6" 

y45 

Qu 

W46 

-0.2108 

(-0.2073) 

-0.8240 

(-0.8300) 

-0.2298 

(-0.2267) 

-1 .0483 
(-1 .0530) 

-0.2959 

(-0.2930) 

-0.9086 

(-0.9127) 

Table  2 

NUMERICAL  VALUES  OF  APPROXIMATIONS  Q12  ,  i  =  1(1)4,  TO  THE  GENERALISED 


AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAILPLANE  CONFIGURATION  OF  EXAMPLE  4.2 


— 

V 

0 

0.1 

0.2 

0.5 

0.7 

1.0 

q;2 

-1 .0850 
(-1.0865) 

-1.0838 
(-1 .0854) 

-1 .0815 
(-1 .0832) 

-1.0724 

(-1.0748) 

-1 .0660 
(-1.0696) 

-1.0571 

(-1.0640) 

^22 

0.3229 

(0.3282) 

0.3228 

(0.3280) 

0.3227 

(0.3280) 

0.3245 

(0.3300) 

0.3278 

(0.3331) 

0.3360 

(0.3418) 

*'21 

-1.2290 

(-1.2306) 

-1.2277 

(-1.2293) 

-1.2250 

(-1.2268) 

-1 .2146 
(-1 .2172) 

-1 .2072 
(-1.2112) 

-1.1969 
(-1 .2047) 

K 2 

( 

-0.0716 

(-0.0717) 

-0.0715 

(-0.0716) 

-0.0714 

(-0.0715) 

-0.0707 

(-0.0708) 

-0.0702 

(-0.0704) 

-0.0694 

(-0.0698) 

A 

0" 

W!2 

-0.7716 

-0.7782 

(-0.774) 

-0.7839 

(-0.780) 

-0.7976 

(-0.7944) 

-0.8045 

(-0.8021) 

-0.8122 
(-0.81 16) 

*22 

-0.1060 

-0.1040 

(-0.104) 

-0.1023 

(-0.102) 

-0.0981 

(-0.0980) 

-0.0959 

(-0.0960) 

-0.0929 

(-0.0936) 

!  ^32 

-0.8471 

-0.8546 

(-0.849) 

-0.8611 

(-0.855) 

-0.8767 

(-0.8716) 

-0.8846 

(-0.8804) 

-0.8936 

(-0.8913) 

Q42 

-0.0359 

-0.0364 

(-0.036) 

-0.0368 

(-0.0365) 

-0.0378 

(-0.0374) 

-0.0383 

(-0.0379) 

-0.0389 

(-0.0386) 

184 


Table  3 

NUMERICAL  VALUES  OF  APPROXIMATIONS  ,  i  =  1(1)6,  j  =  1(1)6,  TO  THE 

GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAILPLANE  CONFIGURATION" 
OF  EXAMPLE  4.3  v  =  0.5,  M  =  0.866 
mj  =  mj  =  m2  =  mj,  >  n  =  nj  =  =  3  ,  a^  =  =  1 


ml 

O' 

^1 1 

q;2 

Q'l3 

«;5 

(i) 

4 

0.2090 

-2.6194 

0.1055 

-2.1675 

0.0097 

-0.0429 

(ii) 

6 

0.1973 

-2.6000 

0.0892 

-2.1514 

-0.0164 

-0.0460 

(iii) 

9 

0.1851 

-2.5785 

0.0744 

-2.1328 

-0.0371 

-0.0481 

(iv) 

12 

0.1795 

-2.5686 

0.0675 

-2.1244 

-0.0469 

-0.0491 

(v) 

15 

0.1764 

-2.5632 

0.0635 

-2.1197 

-0.0525 

-0.0496 

(4) 

(0.2164) 

(-2.0977) 

(0.1589) 

(-1.7000) 

(-0.1529) 

(0.0010) 

ml 

Q’.’. 

6" 

w12 

6" 

W!3 

6" 

w14 

*15 

*16 

(i) 

4 

-2.4784 

-1 .7668 

-2.4543 

-1 .5850 

-3.2663 

-0.3703 

(ii) 

6 

-2.4597 

-1.7091 

-2.4147 

-1  .5111 

-3.1777 

-0.3498 

(iii) 

9 

-2.4390 

-1.6467 

-2.3818 

-1.4415 

-3.1155 

-0.3368 

(iv) 

12 

-2.4289 

-1 .6160 

-2.3654 

-1.4069 

-3.0839 

-0.3300 

(v) 

15 

-2.4232 

-1.5980 

-2.3557 

-1.3863 

-3.0652 

-0.3258 

(4) 

(-2.0492) 

(-1.5608) 

(-1 .9308) 

(-1 .3892) 

(-2.4498) 

(-0.2382) 

“l 

*2, 

$22 

*23 

*24 

*25 

A 

«26 

(i) 

4 

0.0513 

0.8065 

0.0968 

0.4416 

0.1545 

0.0178 

(ii) 

6 

0.0539 

0.7715 

0.0980 

0.4089 

0.1517 

0.0159 

(iii) 

9 

0.0543 

0.7370 

0.0971 

0.3770 

0.1478 

0.0145 

(iv) 

12 

0.0544 

0.7235 

0.0967 

0.3642 

0.1459 

0.0138 

(v) 

15 

0.0545 

0.7168 

0.0966 

0.3575 

0.1449 

0.0134 

(4) 

(-0.0129) 

(0.6847) 

(0.0261) 

(0.3520) 

(0.0529) 

(0.0047) 

m| 

Q" 

W21 

6" 

^22 

6" 

y23 

6" 

W24 

6" 

^25 

Q" 

y26 

(i) 

4 

0.7286 

-0.7146 

0.3091 

-0.6771 

0.0408 

-0.0744 

(ii) 

6 

0.6949 

-0.7155 

0.2767 

-0.6880 

0.0035 

-0.C758 

(iii) 

9 

0.6622 

-0.7090 

0.2440 

-0.6886 

-0.0364 

-0.0786 

(iv) 

12 

0.6494 

-0.7071 

0.2308 

-0.6899 

-0.0532 

-0.0799 

(v) 

15 

0.6429 

-0.7065 

0.2239 

-0.6912 

-0.0620 

-0.0806 

(0.6370) 

(-0.2996) 

(0.2978) 

(-0.3224) 

(0.1406) 

(-0.0244) 

^4 

VO 

ro 

Uv 


I 


«31 

Q’2 

$33 

$35 

$36 

(i) 

4 

0.0547 

-2.8640 

0.1376 

-2.6500 

0.2853 

0.0639 

(ii) 

6 

0.0504 

-2.8421 

0.1256 

-2.6299 

0.2600 

0.0593 

(iii) 

9 

0.0421 

-2.8184 

0.1123 

-2.6087 

0.2375 

0.0558 

(iv) 

12 

0.0384 

-2.8074 

0.1061 

-2.5990 

0.2269 

0.0541 

(v) 

15 

0.0364 

-2.8012 

0.1026 

-2.5936 

0.2209 

0.0532 

(4) 

(0.0859) 

(-2.2202) 

(0.1759) 

(-2.0574) 

(0.3505) 

(0.0764) 

mI 

Qn3. 

Q" 

M32 

6" 

y33 

Q» 

6" 

W35 

Q" 

^36 

(i) 

4 

-2.7299 

-1 .3939 

-4.1302 

-I .6249 

-7.5344 

-1.5793 

(ii) 

6 

-2.7100 

-1.3708 

-4.0836 

-1 .5762 

-7.4264 

-1 .5539 

(iii) 

9 

-2.6879 

-1 .3270 

-4.0471 

-1 .5192 

-7.3560 

-1 .5389 

(iv) 

12 

-2.6773 

-1 .3050 

-4.0291 

-1 .4907 

-7.3208 

-1 .5309 

(v) 

15 

-2.6713 

-1 .2923 

-4.0187 

-1 .4739 

-7.3003 

-1  .5263 

(4) 

(-2.1884) 

(-1.2208) 

(-3.3254) 

(-1 .4050) 

(-6.0844) 

(-1.2782) 

A 

<Ul 

%2 

^44 

$45 

A 

(i) 

4 

0.0756 

0.3422 

0.1019 

0.2069 

0.1505 

0.0147 

(ii) 

6 

0.0752 

0.3280 

0.1009 

0.1907 

0.1461 

0.0130 

(iii) 

9 

0.0733 

0.3071 

0.0984 

0.1693 

0.1410 

0.0117 

(iv) 

12 

0.0724 

0.2993 

0.0973 

0.161 1 

0.1388 

0.0111 

(v) 

15 

0.0720 

0.2958 

0.0968 

0.1572 

0.1377 

0.0108 

(4) 

(0.0201) 

(0.2922 

(0.0414) 

(0.1658) 

(0.0661) 

(0.0047) 

ml 

6" 

y41 

0" 

^42 

6" 

y43 

6" 

V 

6" 

^45 

6" 

W46 

(i) 

4 

0.2971 

-0.7074 

0.0644 

-0.7222 

-0.1947 

-0.0973 

(ii) 

6 

0.2823 

-0.6969 

0.0496 

-0.7206 

-0.2099 

-0.0964 

(iii) 

9 

0.2620 

-0.6813 

0.0277 

-0.7119 

-0.2377 

-0.0981 

(iv) 

12 

0.2544 

-0.6747 

0.0193 

-0.7085 

-0.2485 

-0.0989 

(v) 

15 

0.2510 

-0.6713 

0.0152 

-0.7070 

-0.2539 

-0.0992 

(4) 

(0.2648) 

(-0.3446) 

(0.0954) 

(-0.3974) 

(-0.0542) 

(-0.0444) 

Table  3  (concluded) 


m, 

*51 

*M 

*53 

a 

Q54 

*55 

*56 

(i) 

4 

-0.1194 

-4.2295 

0.2229 

-4.0619 

0.7910 

0.2621 

(ii) 

6 

-0.1190 

-4.1971 

0.2110 

-4.0292 

0.7581 

0.2544 

(iii) 

9 

-0.1264 

-4.1619 

0.1947 

-3.9959 

0.7262 

0.2481 

(iv) 

12 

-0.1298 

-4.1451 

0.1870 

-3.9803 

0.7109 

0.2450 

(v) 

15 

-0.1314 

-4.1357 

0.1828 

-3.9715 

0.7025 

0.2433 

(4) 

(-0.0451) 

(-3.1942) 

(0.2505) 

(-3.0975) 

(0.7556) 

(0.2304) 

*51 

*52 

0" 

W53 

6" 

^54 

*55 

*56 

(i) 

4 

-4.0170 

-1 .3176 

-7.9151 

-1 .9244 

M6.4530 

-4.0306 

(ii) 

6 

-3.9886 

-1  .3140 

-7.8435 

-1 .8820 

-16.2848 

-3.991 I 

(iii) 

9 

-3.9564 

-1.2710 

-7.7884 

-1 .8183 

-16.1774 

-3.9680 

(iv) 

12 

-3.9410 

-1.2485 

-7.7614 

-1.7858 

-16. 1242 

-3.9560 

(v) 

15 

-3.9323 

-1.2357 

-7.7458 

-1.7669 

-16.0934 

-3.9490 

(4) 

(-3.1368) 

(-1.1382) 

(-6.4412) 

(-1.6348) 

(-13.6064) 

(-3.3820) 

ml 

a 

*62 

*63 

A 

A 

Q65 

*66 

(i) 

4 

-0.0755 

-0.6358 

0.0397 

-0.6099 

0.2394 

0.0983 

(ii) 

6 

-0.0745 

-0.6309 

0.0387 

-0.6043 

0.2354 

0.0969 

(iii) 

9 

-0.0747 

-0.6254 

0.0370 

-0.5985 

0.2309 

0.0957 

(iv) 

12 

-0.0748 

-0.6226 

0.0362 

-0.5987 

0.2286 

0.0951 

(v) 

15 

-0.0748 

-0.6210 

0.0357 

-0.5941 

0.2274 

0.0947 

(4) 

(-0.0563) 

(-0.4522) 

(0.0334) 

(-0.4372) 

(0.1889) 

(0.0762) 

ml 

*Sl 

6" 

W62 

6" 

^63 

*64 

*65 

*66 

(i) 

4 

-0.5908 

0.0478 

-I .7554 

-0.0606 

-4.2055 

-1.1886 

(ii) 

6 

-0.5867 

0.0447 

-1.7443 

-0.0587 

-4.1792 

-1.1824 

(iii) 

9 

-0.5818 

0.0472 

-1 .7353 

-0.0533 

-4.1615 

-1.1786 

(iv) 

12 

-0.5793 

0.0489 

-1 .7309 

-0.0503 

-4 . 1 528 

-1.1769 

(v) 

15 

-0.5780 

0.0500 

-1.7283 

-0.0485 

-4.1477 

-1.1755 

(4) 

(-0.4326) 

(0.0528) 

(-1.4430) 

(-0.0326) 

(-3.5514) 

(-1 .0252) 
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Table  4 


NUMERICAL  VALUES  OF  APPROXIMATIONS  Qi .  ,  i  =  1(1)3,  j  =  1(1)3,  TO  THE 

GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  STARK  FIN-TAILPLANE 
CONFIGURATION,  EXAMPLE  4.4  v  =  0.6,  M  =  0.8 
m.  =  m!  =  m„  =  m'  ,  n  =  n!  =  ni  ,  a,  =  a_  =  1 


m,  =  mj  =  m2  =  m’ 


n  =  nj  =  n2 


al  =  a2 


(mj ,n) 

(i)  (4,3) 

(ii)  (6,3) 

(iii)  (9,3) 

(iv)  (12,3) 


ivq;i 

-0.0614 

-0.0714 

-0.0775 

-0.0802 


—  6" 

2  TT  41| 

-0.5216 

-0.5160 

-0.5098 

-0.5072 


(v)  (6,4) 

(vi)  (9,4) 

(vii)  (12,4) 

(raj  ,n) 

(i)  (4,3) 

(ii)  (6,3) 

(iii)  (9,3) 

(iv)  (12,3) 


-0.0661 

-0.0746 

-0.0782 


— —  O' 

2tt  ^21 

-0.6229 

-0.6215 

-0.6210 

-0.6210 


-0.5202 

-0.5158 

-0.5141 

—  Q" 

2 it  W21 

-0.3927 

-0.3856 

-0.3792 

-0.3763 


—  6' 

>ir  w12 

—  Q" 

2 tr  yl2 

JL  o' 

2tt  y13 

—  Q" 

2  it  ^13 

0.0487 

-0.0257 

0.0132 

0.0261 

0.0478 

-0.0270 

0.0135 

0.0254 

0.0468 

-0.0277 

0.0136 

0.0252 

0.0463 

-0.0279 

0.0136 

0.0251 

0.0483 

-0.0263 

0.0134 

0.0258 

0.0475 

-0.0274 

0.0135 

0.0255 

0.0472 

-0.0279 

0.0136 

0.0254 

o' 

2 tt  ^22 


—  6"  1  5'  1  JL  5” 

2 it  ^22  I  2 tt  ^23  .  2tt  w23 


(v)  (6,4) 

(vi)  (9,4) 

(vii)  (12,4) 


(m, >n) 

(i)  (4,3) 

(ii)  (6,3) 

(iii)  (9,3) 

(iv)  (12,3) 


-0.6215 
-0.621 1 
-0.6212 

—  Q' 

2 it  ^3  1 

-0.1252 
-0.1249 
-0 . 1 246 
-0.1246 


-0.3877 

-0.3816 

-0.3790 

—  Q" 

2  it  V31 

-0.1222 

-0.1216 

-0.1213 

-0.1212 


0.0285 

-0.1245 

0.0165 

!  -0.0299 

0.0277 

-0.1240 

0.0165 

!  -0.0303 

0.0269 

-0.1236 

0.0165 

-0.0304 

0.0265 

-0.1234 

0.0165 

!  -0.0305 

i  _ 

r 

0.0280 

-0.1240 

0.0166 

1  -0.0302 

0.0272 

-0.1237 

0.0165 

1  -0.0303 

0.0268 

-0.1236 

0.0165 

|  -0.0304 
< 

—  Q* 

2tt  y32 

0.0149 

0.0148 

0.0147 

0.0147 


JL  q»  —  6'  —  6" 

2tt  w32  2tt  y33  2 it  ^33 


-0.0262 

-0.0261 

-0.0261 

-0.0260 


0.0179 

0.0179 

0.0179 

0.0179 


(v)  (6,4) 

(vi)  (9,4) 

(vii)  (12,4) 


-0.1252 

-0.1249 

-0.1249 


-0.1222 

-0.1216 

-0.1214 


0.0148 

0.0148 

0.0147 


-0.0262 

-0.0261 

-0.0261 


0.U180 

0.0180 

0.0180 


-0.0502 

-0.0502 

-0.0502 

-0.0502 


-0.0502 

-0.0502 

-0.0502 


<JX 
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Table  5 

COMPARISON  OF  NUMERICAL  VALUES  OBTADJED  BY  DIFFERENT  WORKERS  FOR  THE 
APPROXIMATIONS  qTT  ,  i  =  1(1)3,  j  =  1(1)3,  TO  THE  GENERALISED 

AIRFORCE  COEFFICIENTS  FOR  THE  STARK  FIN-TAILPLANE  CONFIGURATION, 
EXAMPLE  4.4  v  =  0.6,  M  =  0.8 


1  * 
2¥Qil 

—  Q" 

2  IT  ^11 

1  n* 

2tt  Q12 

—  6" 

2  it  W12 

J_q. 

2tt  yi3 

—  6" 

2rr  W13 

Stark  (Ref  4) 

-0.0961 

-0.481 1 

0.0412 

-0.0300 

0.0125 

0.0239 

Davies  (Ref  1) 

-0.0846 

-0.5090 

0.0461 

-0.0283 

0.0141 

0.0260 

Zwaan 

-0.0922 

-0.5155 

0.0466 

-0.0298 

0.0145 

0.0259 

Kalman  et  al 

-0.0837 

-0.5270 

0.0470 

-0.0278 

0.0137 

0.0257 

Bohm  and  Schmid 

-0.0999 

-0.5013 

0.0451 

-0.0311 

0.0142 

0.0242 

Stark  (Ref  8) 

-0.1036 

-0.4727 

0.0406 

-0.0297 

0.0138 

0.0252 

Davies  (present) 

-0.0802' 

-0.5072 

0.0463 

-0.0279 

0.0136 

0.0251 

_L  Q» 

—  Q!,' 

2 ir  ^22 

-iL  Q" 

2 it  ^22 

_L  Q» 

—  6" 

2  ir  V21 

2tt  W21 

2 it  ^23 

2tt  y23 

Stark  (Ref  4) 

-0.6108 

-0.3625 

0.0241 

-0.1211 

0.0158 

-0.0295 

Davies  (Ref  1 ) 

-0.6224 

-0.3754 

0.0265 

-0.1234 

0.0169 

-0.0305 

Zwaan 

-0.6236 

-0.3728 

0.0260 

-0.1236 

0.0168 

-0.0304 

KAlmAn  et  al 

-0.6270 

-0.3965 

0.0297 

-0. 1260 

0.0171 

-0.0318 

BtShm  and  Schmid 

-0.6202 

-0.3675 

0.0253 

-0.1229 

0.0165 

-0.0306 

Stark  (Ref  8) 

-0.6031 

-0.3412 

0.0227 

-0.1186 

0.0164 

-0.0302 

Davies  (present) 

-0.6210 

-0.3763 

0.0265 

-0.1234 

0.0165 

-0.0305 

—  Q' 

2  IT  \J1 

—  6" 

2  it  ^31 

J_  o' 

2tt  ^32 

_iL  Q» 

2  ir  w32 

1 

2 ir  w33 

—  6" 

2 it  y33 

Stark  (Ref  4) 

-0.1247 

-0.1151 

0.0134 

-0.0255 

0.0179 

-0.0497 

Davies  (Ref  1 ) 

-0.1248 

-0.1237 

0.0150 

-0.0262 

0.0179 

-0.0502 

Zwaan 

-0.1235 

-0.1217 

0.0148 

-0.0259 

0.0179 

-0.0502 

Kilman  et  al 

-0.1270 

-0.1266 

0.0154 

-0.0269 

0.0186 

-0.0529 

Bdhm  and  Schmid 

-0.1240 

-0.1212 

0.0146 

-0.0260 

0.0179 

-0.0502 

Stark  (Ref  8) 

-0.1227 

-0.1195 

0.0145 

-0.0257 

0.0179 

-0.0502 

Davies  (present) 

-0.1252 

-0.1222 

0.0148 

-0.0262 

0.0180 

-0.0502 

Ln 
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Table  6 


NUMERICAL  VALUES  OF  APPROXIMATIONS 


Qii 


i  =  1 (1)6,  j  =  1  (1)6,  TO  THE 


GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAILPLANE  CONFIGURATION 
OF  EXAMPLE  4.5  FOR  A  NUMBER  OF  VALUES  OF  THE  DIHEDRAL  ANGLE  a 


=  m!  =  =  8 


v  =  0.0000001,  M  -0.8 
n  =  nj  =  n2  = 5 


a2  =  1 


a 

$i. 

q;2 

q;3 

$14 

$1*5 

TT 

~  6 

0.00000 

-0.62405 

0.00000 

0.00000 

-0.61181 

0.00000 

n 

~  12 

0.00000 

-0.53412 

0.00000 

0.00000 

-0.67000 

0.00000 

0 

0.00000 

-0.72424 

0.00000 

0.00000 

-0.93948 

0.00000 

TT 

12 

0.00000 

-1.20031 

0.00000 

0.00000 

-1 .42409 

0.00000 

JL 

6 

0.00000 

-1.87483 

0.00000 

0.00000 

-2.05029 

0.00000 

a 

$11 

6" 

y12 

6" 

W13 

$74 

$15 

$16 

IT 

6 

-0.68283 

-0.85472 

-0.38626 

-0.61181 

-1 .07872 

-0.23779 

TT 

~  12 

-0.48625 

-0.63782 

-0.14628 

-0.67000 

-0.82327 

-0.38783 

0 

-0.64138 

-0.60480 

0.10604 

-0.93948 

-0.79815 

-0.83028 

TT 

12 

-1  . 15535 

-0.77021 

0.35084 

-1 .42409 

-1 .01726 

-1 .55114 

TT 

6 

-1 .92329 

-1 .07399 

0.56804 

-2.05029 

-1 .40938 

-2.44287 

a 

$21 

$22 

$23 

^24 

$25 

$26 

TT 

"  6 

0.00000 

0.00856 

0.00000 

0.00000 

0.09819 

0.00000 

TT 

"  12 

0.00000 

0.06994 

0.00000 

0.00000 

0.12782 

0.00000 

0 

0.00000 

0.06144 

0.00000 

0.00000 

0.10335 

0.00000 

IT 

12 

0.00000 

-0.02550 

0.00000 

0.00000 

0.01742 

0.00000 

TT 

6 

0.00000 

-0.17321 

0.00000 

0.00000 

-0.11544 

0.00000 

a 

Q" 

W21 

6" 

^22 

Q" 

^23 

6" 

^24 

6" 

y25 

6" 

y26 

IT 

'  6 

-0.04228 

-0.39204 

-0.13016 

0.09819 

-0.53525 

0.13871 

ir 

"  12 

0.04419 

-0.28902 

-0.05514 

0.12782 

-0.42528 

0.12508 

0 

0.04459 

-0.27633 

0.02674 

0.10335 

-0.41020 

0.03470 

ir 

12 

-0.05140 

-0.36331 

0.10791 

0.01742 

-0.49947 

-0.13342 

tr 

z 

-0.22252 

-0.52509 

0.18096 

-0.11544 

-0.66759 

-0.35417 

*=|vO  t=|cN  O  *=|<N  t=|sO  I  8  t=|vO  .^IcN  O  ^IcN  t=|vO  II  8  f=|^>  ^IcM  O  ^ICN  t=  (vO  I  8  ^  |vO  |cn|  O  ^  |(N  (vO 
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Table  6  (continued) 


*31 

Q32 

Q33 

Q34 

Q35 

*36 

0.00000 

-0.16208 

0.00000 

0.00000 

0.02073 

0.00000 

0.00000 

0.03131 

0.00000 

0.00000 

0.16041 

0.00000 

0.00000 

0.23816 

0.00000 

0.00000 

0.31637 

0.00000 

0.00000 

0.43974 

0.00000 

0.00000 

0.47144 

0.00000 

0.00000 

0.61774 

0.00000 

0.00000 

0.60935 

0.00000 

Q" 

y31 

0" 

^32 

6" 

^33 

*34 

6" 

w35 

6" 

06 

-0.29684 

-0.28208 

-0.39635 

0.02073 

-0.35058 

0.23426 

-0.05031 

-0.13908 

-0.39338 

0.16041 

-0.17492 

0.42469 

0.20884 

0.01603 

-0.38954 

0.31637 

0.01250 

0.62770 

0.45925 

0.16473 

-0.38462 

0.47144 

0.19202 

0.82436 

0.67968 

0.29078 

-0.37790 

0.60935 

0.34589 

0.99564 

«41 

*42 

%3 

*44 

*45 

*46 

0.00000 

-0.90867 

0.00000 

0.00000 

-1 .32827 

0.00000 

0.00000 

-0.91146 

0.00000 

0.00000 

-1 .41250 

0.00000 

0.00000 

-1.10225 

0.00000 

0.00000 

-1 .63996 

0.00000 

0.00000 

-1.48117 

0.00000 

0.00000 

-2.00949 

0.00000 

0.00000 

-1 .98488 

0.00000 

0.00000 

-2.46748 

0.00000 

*41 

Q" 

w42 

Q" 

^43 

Q" 

w44 

*45 

Q" 

W46 

-0.77168 

-1.17238 

-0.19007 

-1.32827 

-1 .75847 

-0.71860 

-0.72214 

-1 .01700 

-0.03034 

-1 .41250 

-1 .59089 

-0.88112 

-0.90713 

-0.97759 

0.13904 

-1 .63996 

-1 .57332 

-1  .24129 

-1 .32751 

-1 .06495 

0.30408 

-2.00949 

-1.71454 

-1.78525 

-1 .90774 

-1 .24172 

0.45065 

-2.46748 

-1.96791 

-2.43554 

79125 


Table  6  (concluded) 


a 

*51 

O' 

^52 

*53 

*54 

*55 

*56 

TT 

6 

0.00000 

0.05702 

0.00000 

0.00000 

0.35810 

0.00000 

IT 

12 

0.00000 

0.13594 

0.00000 

0.00000 

0.37425 

0.00000 

0 

0.00000 

0.08998 

0.00000 

0.00000 

0.29469 

0.00000 

TT 

12 

0.00000 

-0.09055 

0.00000 

0.00000 

0.1 1156 

0.00000 

TT 

6 

0.00000 

-0.37082 

0.00000 

0.00000 

-0.14602 

0.00000 

a 

*51 

6" 

W52 

6" 

y53 

*54 

6" 

^55 

*56 

TT 

"  6 

-0.07313 

-0.51356 

-0.20497 

0.35810 

-0.72877 

0.26199 

TT 

‘IT 

0.05353 

-0.38462 

-0.08563 

0.37425 

-0.58438 

0.22157 

0 

0.02494 

-0.38031 

0.04279 

0.29469 

-0.57761 

0.04719 

V 

12  | 

-0.17066 

-0.51047 

0.16912 

0.11156 

-0.71894 

-0.25967 

1  , 
6 

-0.49152 

-0.73730 

0.28226 

-  - - - - i 

i  -0.14602 

- - 

-0.96817  ; 

; 

-0.65308 

0.00000 

:  -0.53429 

0.00000 

1 

-0.67929 

0.00000 

i  -1 .06792 

0.00000 

-1.68508 

0.00000 

-2.43874 

0.00000 

0.00000 

-0.84080 

0.00000 

0.00000 

0.00000 

-1 .04615 

0.00000 

0.00000 

0.00000 

-1 .44222 

0 . 00000 

0.00000 

0.00000 

-2.01366 

0.00000 

0.00000 

0.00000 

-2.68201 

0.00000 

a  : 

*61 

6" 

w62 

6" 

"63 

6" 

^64 

*65 

Q" 

W66 

“  6 

-0.38627 

-0.64203 

0.10710 

-0.84080 

-0.87525 

!  -0.64137 

IT 

"  12 

-0.50488 

-0.60426 

0.30063 

-1 .04615 

-0.84397 

-0.97993 

0 

-0.92432 

-0.72740 

0.50432 

-1 .44222 

-1 .01230 

-1  .57225 

TT 

12 

-1 .62806 

-1.00513 

0.701 18 

-2.01366 

-I .37182' 

-2.38626 

IT 

6 

-2.50667 

-1 .37268 

0.87362 

-2.68201 

-l .84642 

-3.31236 

192 


Table  7 

NUMERICAL  VALUES  OF  APPROXIMATIONS  Q. .  ,  i  =  1(1)6,  j  =  1(1)6,  TO  THE 

GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAILPLANE  CONFIGURATION 
OF  EXAMPLE  4.5  FOR  A  NUMBER  OF  VALUES  OF  THE  DIHEDRAL  ANGLE  a 

v  =  1.5,  M  =  0.8 

njj  =  mj  =  m2  =  m*  =  T~,  n  =  nj  =  =  5  ,  aj  =  a  -  1 


* 

a 

*il 

q;2 

q;3 

q;6 

TT 

"  6 

0.86316 

-0.72803 

0.23278 

1.11908 

-0.82614 

0.67984 

TT 

"  12 

0.61151 

-0.75403 

0.16616 

0.86855 

-1 .03898 

0.51260 

0 

0.47206 

-1.02974 

0.08260 

0.71476 

-1 .42014 

0.46169 

TT 

12 

0.48237. 

-1 .53869 

-0.01 1 1 1 

0.66888 

-1 .93862 

0.54669 

TT 

Z 

0.62954 

-2.17176 

-0.10478 

0.71910 

-2.49889 

0.74582 

a 

*i'l 

Q" 

v12 

Q" 

w13 

6" 

W14 

*15 

*;’6 

-0.85842 

-0.92755 

-0.39041 

-0.96496 

-1.15058 

-0.46188 

-0.65143 

-0.67456 

-0.16485 

-0.96767 

-0.87090 

-0.57176 

-0.77614 

-0.62778 

0.07680 

-1.18020 

-0.84562 

-0.96582 

-1.23781 

-0.81706 

0.30988 

-1.60114 

-1.09325 

-1 .62062 

TT 

6 

-1.92346 

-1.18841 

0.50956 

-2.14711 

-1 .54419 

-2.41756 

i  i 

a 

*21 

O' 

v22 

o' 

^23 

*24 

*25 

- : - 

o' 

W26 

TT 

“  6 

0.42987 

0.07760 

0.13508 

0.65758 

0.15887 

0.34708 

TT 

"  12 

0.31672 

0.06785 

0.08807 

0.56009 

0.11164 

0.29351 

0 

0.27087 

0.01483 

0.03117 

0.52128 

0.04529 

0.30995 

W 

12 

0.30853 

-0.08374 

-0.02885 

0.54421 

0.03829 

0.40035 

0.41568 

-0.20794 

-0.08545 

0.61499 

-0.12424 

0.54509 

a 

6" 

^21 

Q" 

w22 

Q" 

^23 

6” 

^24 

Q" 

^25 

6" 

V26 

TT 

~  6 

-0.11140 

-0.49196 

-0.11928 

-0.04315 

-0.68376 

0.03386 

TT 

12 

-0.03818 

-0.37056 

-0.04706 

-0.00482 

-0.56150 

0.01847 

0 

-0.04866 

-0.34374 

0.03499 

-0.02312 

-0.54243 

-0.07610 

ir 

12 

-0.15449 

-0.42620 

0.11672 

-0. 10630 

-0.63778 

-0.24936 

-0.33006 

-0.59357 

0.18817 

-0.23546 

-0.81927 

-0.46959 

I 
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Table  7  (continued) 


a 

*3! 

^32 

^33 

*34 

*36 

TT 

~  6 

0.24249 

-0.08545 

0.13274 

0.28146 

0.12931 

0.10833 

IT 

"  IT 

0.16081 

0.08286 

0.13566 

0.20519 

0.23680 

0.03093 

0 

0.07280 

0.26402 

0.13944 

0.13664 

0.35498 

-0.04865 

TT 

IT 

-0.01825 

0.43132 

0.14496 

0.0721  1 

0.46039 

-0 . 1 3054 

TT 

6 

-0.10537 

0.56437 

0.14974 

0.01252 

0.53770 

-0.20772 

a 

6" 

^31 

6" 

^32 

6" 

W33 

6" 

^34 

6" 

^35 

6" 

^36 

TT 

6 

-0.34264 

-0.30121 

-0.39582 

-0.08131 

-0.36091 

0.17102 

TT 

IT 

-0.09860 

-0.13856 

-0.39534 

0.06921 

-0.16411 

0.36602 

0 

0.15874 

0.03749 

-0.39134 

0.23270 

0.04294 

0.57021 

TT 

12 

0.40259 

0.21056 

-0.38380 

0.38817 

0.24265 

0.76036 

TT 

6 

0.60844 

0.36336 

-0.37184 

0.51798 

0.41635 

0.91489 

a 

%1 

Q» 

^42 

^43 

*45 

TT 

6 

0.99212 

-1.29326 

0.26671 

2.05707 

-2.28900 

0.95614 

TT 

12 

0.71481 

-I .40524 

0.21416 

1 .81 109 

-2.51439 

0.76081 

0 

0.51580 

-1 .65111 

0.14200 

1.63821 

-2.82628 

0.65653 

TT 

IT 

0.44398 

-2.02139 

0.06099 

1 .56051 

-3.20084 

0.66922 

TT 

6“ 

0.49713 

-2.45122 

-0.01855 

1 .57247 

-3.57958 

0.78535 

a 

Q" 

^42 

6" 

^43 

6" 

^44 

6" 

W45 

6" 

W46 

TT 

6 

-1 .06608 

-1.22722 

-0.21164 

-1.93734 

-1 .80581 

-1 .08051 

TT 

12 

-1 .00579 

-1 .01177 

-0.08125 

-1 .97023 

-1.59387 

-1 .18868 

0 

-1.13600 

-0.93061 

0.06842 

-2.12574 

-1  .54548 

-1 .47097 

TT 

12 

-1 .47021 

-1 .01887 

0.21897 

-2.40971 

-1 .688' 6 

-1 .91901 

TT 

6 

-1 .94142 

-1.24617 

0.351 1  1 

-2.77193 

-1  .97934 

-2.45646 
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Table  7  (concluded) 


a 

*51 

a 

*52 

A 

*53 

«54 

*55 

A 

*56 

ir 

“  6 

0.61760 

0.15277 

0.16919 

0.77910 

0.59006 

0.49249 

* 

“  12 

0.47051 

0.12409 

0.11775 

0.64036 

0.48736 

0.40917 

0 

0.39977 

-0.00216 

0.05208 

0.56883 

0.32660 

0.40846 

V 

12 

0.43091 

-0.21985 

-0.02014 

0.57239 

0.12068 

0.50060 

w 

S' 

0.55178 

-0.48443 

-0.09037 

0.63864 

-0.09337 

0.66561 

a 

*51 

Q” 

o2 

6" 

y53 

Q" 

W54 

% 

A 

*56 

w 

"  6 

-0. ' 7598 

-0.66776 

-0.18410 

0.17568 

-0.97336 

0.10715 

ir 

"  12 

-0.07593 

-0.51223 

-0.07078 

0.19792 

-0.81075 

0.05946 

0 

-0.12515 

-0.48094 

0.05415 

0.12356 

-0.79144 

-0.12141 

ir 

12 

-0.33266 

-0.59447 

0.17688 

-0.05274 

-0.93060 

-0.42887 

ir 

6 

-0.64944 

-0.82112 

0.28334 

-0.29511 

-1.18873 

-0.80743 

a 

*61 

*62 

*63 

*64 

*65 

*66 

ir 

~  6 

0.64304 

-0.80120 

0.09794 

1.05173 

-1.37011 

0.64686 

ir 

“  12 

0.48178 

-1.03141 

0.03844 

0.89503 

-1.68640 

0.55787 

0 

0.41840 

-1 .46822 

-0.03903 

0.81181 

-2.14319 

0.57012 

ir 

12 

0.48931 

-2.07101 

-0.12764 

0.82055 

-2.68947 

0.70483 

ir 

6 

0.67986 

-2.73175 

-0.21524 

0.91200 

-3.23248 

0.93795 

a 

*61 

*62 

6" 

^63 

Q" 

W64 

*65 

A 

*66 

ir 

"  6 

-0.54513 

-0.69307 

0.09878 

-1.15315 

-0.93473 

-0.83640 

ir 

~  12 

-0.65413 

-0.63338 

0.27592 

-1 .32078 

-0.89567 

-1.13907 

0 

-1 .03737 

-0.75469 

0.46586 

-1 .66742 

-1 .07257 

-1 .67825 

V 

12 

-1 .67546 

-1 .07043 

0.64761 

-2.17284 

-1 .46954 

-2.41455 

w 

6 

-2.45369 

-1.52105 

0.79887 

-2.75252 

-2.01089 

-3.22856 
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Table  8 


NUMERICAL  VALUES  OF  APPROXIMATIONS  Q..  ,  i  -  1(1)6,  j  -  1(1)6,  TO 


GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAILPLANE  CONFIGURATION 


4.5  WITH  DIHEDRAL  ANGLE  o  -  0  AND  M  -  0.8  FOR  A  NUMBER 


OF  VALUES  OF  FREQUENCY  PARAMETER  V 


i  ““2  "*2 


V 

O' 

^11 

*;2 

- f - 

*13 

*;5 

*16 

0.00000 

-0.72424 

0.00000 

-0.93948 

a-'H'lOlO.*! 

(0.001) 

(0.0) 

(-0.71015) 

(0.0) 

0.25 

0.01278 

-0.72618 

0.00233 

0.01745 

-0.94166 

0.01189 

0.50 

0.05431 

-0.73931 

0.00908 

0.07623 

-0.95947 

0.05189 

0.75 

(0.75) 

0.12734 

(0.12461) 

-0.77054 

(-0.74337) 

0.02068 

(0.01857) 

0.18342 

-1.00431 

0.12346 

1.00 

0.22937 

-0.82760 

0.03819 

0.33836 

-1 .09028 

0.22359 

1.25 

(1.25) 

0.34975 

(0.34656) 

-0.91603 

(-0.85006) 

0.06072 

(0.05265) 

0.52590 

-1 .23028 

0.34128 

1.50 

(1.50) 

0.47206 

(0.47876) 

-1.02974 

(-0.93238) 

0.08260 

(0.07179) 

0.71476 

-1.42014 

0.46169 

mu 

*n 

A 

Q" 

y12 

6" 

*13 

Q" 

*14 

*15 

A 

«16 

0.0000001 

(0.001) 

-0.64138 

(-0.62546) 

-0.60480 

(-0.59509) 

0.10604 

(0.10715) 

-0.93948 

-0.79815 

-0.83028 

0.25 

-0.64019 

-0.61953 

0.10516 

-0.93613 

-0.82079 

-0.82765 

0.50 

-0.64394 

-0.63353 

0.10363 

-0.93951 

-0.84364 

-0.82983 

0.75 

(0.75) 

-0.65831 

(-0.63600) 

-0.64618 

(-0.63043) 

0.10150 

(0.10238) 

-0. 96060 

-0.86577 

-0.84398 

1.00 

-0.68655 

-0.65376 

0.09733 

-1 .00726 

-0.88132 

-0.87316 

1.25 

(1.25) 

-0.72816 

(0.68867) 

-0.64950 

(-0.63133) 

0.08907 

(0.09181) 

-1 .08282 

-0.87853 

-0.91589 

1.50 

(1.50) 

-0.77614 

(-0.72606) 

-0.62778 

(-0.61580) 

0.07680 

(0.08232) 

-1.18020 

-0.84491 

-0.96523 

V 

Q21 

O' 

w22 

Q23 

*24 

*25 

*26 

0.0000001 

0.00000 

0.06144 

0.00000 

0.10335 

0.00000 

(0.001) 

(0.0) 

(0.05719) 

(0.0) 

0.25 

0.00770 

0.06358 

-0.00026 

0.01305 

0.10729 

0.00946 

0.50 

0.03110 

0.06945 

-0.00062 

0.05305 

0.11837 

0.03790 

0.75 

0.07132 

0.07541 

0.00027 

0.12328 

0.13127 

0.08565 

(0.75) 

(0.06459) 

(0.06910) 

(-0.00010) 

1.00 

0.12878 

0.07427 

0.00494 

0.22779 

0.13465 

0.15165 

1.25 

0.19939 

0.05602 

0.01575 

0.36551 

0.11084 

0.23028 

(1.25) 

(0.17689) 

(0.05735) 

(0.01223) 

1.50 

0.27087 

0.01483 

0.03117 

0.52128 

0.04529 

0.30995 

(1.50) 

(0.24192) 

(0.03143) 

(0.02415) 

V 

6" 

q21 

Q" 

"22 

a 

Q" 

s23 

6" 

W24 

Q" 

q25 

6" 

W26 

0.0000001 

0.04459 

-0.27633 

0.02674 

0.10335 

-0.41020 

0.03470 

(0.001) 

(0.04140) 

(-0.26402) 

(0.02662) 

0.25 

0.04301 

-0.27820 

0.02759 

0.10177 

-0.41347 

0.03228 

0.50 

0.03834 

-0.28684 

0.03001 

0.09737 

-0.42799 

0.02526 

0.75 

0.02918 

-0.30140 

0.03369 

0.08794 

-0.45312 

0.01234 

(0.75) 

(0.02703) 

(-0.28278) 

(0.03257) 

1.00 

0.01276 

-0.31973 

0.03740 

0.06846 

-0.48648 

-0.00864 

1.25 

-0.01359 

-0.33657 

0.03862 

0.03229 

-0.52076 

-0.03896 

(1.25) 

(-0.00797) 

(-0.30623) 

(0.03664) 

1.50 

-0.04866 

-0.34374 

0.03499 

-0.02353 

-0.54315 

-0.07678 

(1.50) 

(-0.03476) 

(-0.31053) 

(0.03429) 
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Table  8  (continued) 


V 

*31 

*32 

A 

*33 

*34 

*35 

A 

*36 

O.OOOOOOI 

0.00000 

0.23816 

0.00000 

0.00000 

0.31637 

(0.001) 

(0.0) 

(0.23287) 

(0.0) 

0.25 

0.00522 

0.23730 

0.00285  ' 

0.00947 

0.31489 

0.00353 

0.50 

0.01803 

0.23744 

0.01224 

0.03270 

0.31464 

0.00983 

0.75 

(0.75) 

0.03385 

(0.03112) 

0.23992 

(0.23324) 

0.02964 

(0.03023) 

0.06149 

0.31785 

0.01186 

1.00 

0.04928 

0.24507 

0.05632 

0.08989 

0.32531 

0.00427 

1.25 

(1.25) 

0.06252 

(0.05611) 

0.25302 

(0.24358) 

0.09298 

(0.09414) 

0.11508 

0.33751 

-0.01573 

1.50 

(1.50) 

0.07280 

(0.06420) 

0.26402 

(0.25290) 

0.13944 

(0.14071) 

0.13664 

0.35498 

-0.04865 

V 

6" 

^31 

6" 

M32 

Q" 

w33 

6" 

^34 

6" 

\J5 

6” 

q36 

0.0000001 

(0.001) 

0.20884 

(0.20300) 

0.01603 

(0.01969) 

-0.38954 

(-0.38501) 

0.31637 

0.01250 

0.62770 

0.25 

0.20401 

0.02159 

-0.38857 

0.30775 

0.02091 

0.62089 

0.50 

0.19367 

0.02631 

-0.38665 

0.28941 

0.02820 

0.60647 

0.75 

(0.75) 

0.18198 

(0.17714) 

0.02993 

(0.03325) 

-0.38508 

(-0.38026) 

0.26900 

0.03375 

0.59084 

1.00 

0.17152 

0.03273 

-0.38484 

0.25132 

0.03783 

0.57817 

1.25 

(1.25) 

0.16360 

(0.15925) 

0.03510 

(0.03856) 

-0.38673 

(0.38108) 

0.23885 

0.04078 

0.57087 

1.50 

(1.50) 

0.15874 

(0.15459) 

0.03749 

(0.04104) 

-0.39134 

(-0.38487) 

0.23270 

0.04294 

0.57021 
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Table  8  (continued) 


■BM 

A  _ 

a 

«42 

$43 

$44 

$45 

A  _ 

«46 

0.0000001 

0.00000 

-1.10225 

0.00000 

0.00000 

-1 .63996 

■ 

0.25 

0.01698 

-1.10770 

0.00427 

0.04540 

-1 .65423 

0.01990 

0.50 

0.07182 

-1.13664 

0.01698 

0.19076 

-1.71699 

0.08497 

0.75 

0.16518 

-1 .20095 

0.03946 

0.44359 

-1.84975 

0.19635 

1.00 

0.28693 

-1.31165 

0.07273 

0.79563 

-2.07656 

0.34330 

1.25 

0.41307 

-1 .47009 

0.11178 

1.21236 

-2.41116 

0.50374 

1.50 

0.51580 

-1 .65111 

0.14200 

.1.63821 

-2.82628 

0.65653 

6" 

y41 

6" 

W42 

6» 

W43 

o" 

y44 

6" 

g45 

Q" 

W46 

0.0000001 

-0.90713 

-0.97759 

0.13904 

-1.63996 

-1.57332 

-1.24129 

-0.90710 

-I .00119 

0.13756 

-1.63870 

-1.61081 

-1.23952 

0.50 

-0.91857 

-1.02016 

0.13455 

-1.65657 

-1 .64585 

-1.24988 

0.75 

-0.94929 

-1.03193 

0.12896 

-1.71026 

-1.67415 

-1.28149 

1.00 

-1.00168 

-1 .02789 

0.11719 

-1.81013 

-1.68121 

-1 .33534 

1.25 

-1 .06984 

-0.99588 

0.09604 

-1.95575 

-1.64400 

-1 .40382 

1 .50 

-1.13600 

-0.93061 

0.06842 

-2 . 1 2574 

-1.54548 

-1.47097 

«51 

$52 

$53 

$54 

$55 

A 

Q56 

0.0000001 

0.00000 

0.08998 

0.00000 

0.00000 

0.29469 

0.00000 

0.01156 

0.09310 

-0.00041 

0.01369 

0.30450 

0.01293 

0.50 

0.04673 

0.10184 

-0.00097 

0.05608 

0.33331 

0.05176 

0.75 

0.10739 

0.10991 

0.00063 

0.13254 

0.37233 

0.11707 

1.00 

0.19394 

0.10492 

0.00867 

0.24944 

0.40243 

0.20667 

1.25 

0.29860 

0.07027 

0.02694 

0.40379 

0.39447 

0.31036 

1.50 

0.39977 

-0.00216 

0.05208 

0.56883 

0.32660 

0.40846 

$51 

Q" 

V52 

Q" 

y53 

Q" 

y54 

A 

*55 

6" 

y56 

0.02494 

-0.38031 

0.04279 

0.29469 

-0.57761 

0.04719 

0.02238 

-0.38228 

0.04418 

0.29288 

-0.58145 

0.04343 

0.50 

0.01511 

-0.39607 

0.04813 

0.28860 

-0.60515 

0.03297 

0.75 

0.00054 

-0.41959 

0.05412 

0.27806 

-0.64689 

0.01338 

1.00 

-0.02607 

-0.44865 

0.06000 

0.25284 

-0.70221 

-0.01894 

1.25 

-0.06895 

-0.47376 

0.06130 

0.20227 

-0.75807 

-0.06559 

1.50 

-0.12515 

-0.48094 

0.05415 

0.12356 

-0.79144 

-0.12141 
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^61 

A 

<62 

0.0000001 

0.00000 

-1.06792 

0.25 

0.00888 

-1.06992 

0.50 

0.04181 

-1.08739 

0.75 

0.10560 

-1.13003 

1.00 

0.19914 

-1.20706 

1.25 

0.30980 

-1.32340 

1.50 

0.41840 

-1.46822 

V 

A 

<61 

A 

0" 

y62 

0.0000001 

-0.92432 

-0.72740 

0.25 

-0.91864 

-0.75014 

0.50 

-0.91420 

-0.77045 

0.75 

-0.92153 

-0.78691 

1.00 

-0.94636 

-0.79469 

1.25 

-0.98811 

-0.78574 

1.50 

-1 .03737 

-0.75469 

-0.00095 

-0.00369 

-0.00834 

-0.02759 

-0.03903 


0.50432 

0.50232 

0.49850 

0.49394 

0.48759 

0.47778 

0.46586 


0.00000 

0.01505 

0.07260 

0.18816 

0.36506 

0.58562 

0.81181 


1.44222 
1.43078 
1.41966 
1.42915 
1.47273 
1 .55543 
1 .66742 


-1 .44222 
-1.44580 
-1.47433 
-1.54428 
-1 .67358 
-1.87638 
-2.14319 


A 

*65 

1 .01230 
1 .04744 
1.08118 
1.11116 
1.12939 
1.12113 
1 .07257 


0.01072 

0.05183 

0.13329 

0.25531 

0.40643 

0.57012 


-1.57225 
-1 .56305 
■1  .55309 
-1.55657 
-1 .58032 
-1.62361 
-1.67825 


T 
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Table  9 


NUMERICAL  VALUES  OF  APPROXIMATIONS  Q.  .  ,  i  -  I (1)3,  j  -  1 (1)3  ,  TO  THE 

GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAIL PLANE  CONFIGURATION  OF 
EXAMPLE  4.5  WITH  DIHEDRAL  ANGLE  a  «  0,  M  ■  0.8~  AND  FREQUENCY  PARAMETER 
v  -  1.5  WITH  "  V  n|  -  nj  -  n.  a,  -  ^  -  1 

AND  A  NUMBER  OF  COMBINATIONS  OF  VALUES  OF  AND  n 


ml 

D 

* 

«il 

A 

A 

Q13 

$11 

Q" 

m2 

Q" 

v13 

3 

0.50135 

-0.94306 

0.09438 

-0.76001 

-0.63726 

0.08305 

3 

0.50112 

-0.96535 

0.07411 

-0.75728 

-0.64034 

0.09777 

3 

0.51094 

-0.96933 

0.07575 

-0.76187 

-0.65037 

0.08815 

3 

0.50814 

-0.96007 

0.07987 

-0.75679 

-0.64806 

0.08826 

3 

0.50462 

-0.95683 

0.07968 

-0.75477 

-0.64596 

0.08893 

8 

3 

0.50421 

-0.95633 

0.07891 

-0.75474 

-0.64586 

0.08845 

3 

0.50484 

-0.95610 

0.07885 

-0.75475 

-0.64613 

0.08807 

3 

0.50587 

-0.95600 

0.07877 

-0.75466 

-0.64651 

0.08767 

n 

0.47369 

-1.00921 

0.09651 

-0.78425 

-0.61907 

0.07113 

n 

1 

0.46683 

-1.01147 

0.07860 

-0.76849 

-0.61865 

0.08674 

B 

0.47015 

-1.01689 

0.07773 

-0.77147 

-0.62567 

0.07735 

B 

0.47912 

-1 .02286 

0.08213 

-0.77542 

-0.63215 

0.07827 

B 

1 

0.47999 

-1 .02392 

0.08369 

-0.77590 

-0.63384 

0.07968 

8 

. 

0.47813 

-1.02289 

0.08410 

-0.77535 

-0.63375 

0.07975 

1 

0.47688 

-1.02237 

0.08481 

-0.77522 

-0.63359 

0.08002 

|| 

0.47644 

-1 .02249 

0.08522 

-0.77548 

-0.63370 

0.08022 

3 

5 

0.45948 

-1.00589 

0.09650 

-0.77957 

-0.61116 

0.06891 

4 

5 

0.46399 

-1.02160 

0.07882 

-0.77225 

-0.61604 

0.08407 

5 

5 

0.46174 

-1.02079 

0.07767 

-0.77156 

-0.61951 

0.07510 

6 

5 

0.46537 

-1.02103 

0.08178 

-0.77164 

-0.62254 

0.07548 

7 

5 

0.46934 

-1.02610 

0.08263 

-0.77409 

-0.62548 

0.07676 

8 

5 

0.47206 

-1 .02974 

0.08260 

-0.77614 

-0.62778 

0.07670 

9 

5 

0.47200 

-1 .03023 

0.08327  . 

-0.77631 

-0.62826 

0.07709 

10 

5 

d. 471 10 

-1.03016 

0.08369 

-0.77620 

-0.62813 

0.07731 

79125 


79125 
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Table  9  (continued) 


ml 

n 

A  _ 

«il 

$i2 

^13 

A  mm 

Q11 

ft" 

W12 

ft" 

w13 

3 

6 

0.45257 

-1 .00305 

0.09739 

-0.77747 

-0.60951 

0.06769 

4 

6 

0.45939 

-1 .02001 

0.07884 

-0.77089 

-0.61371 

0.08317 

5 

6 

0.46112 

-1.02178 

0.07748 

-0.77186 

-0.61868 

0.07421 

6 

6 

0.46233 

-1 .02053 

0.08140 

-0.77115 

-0.62013 

0.07448 

7 

6 

0.46313 

-1.02275 

0.08238 

-0.77186 

-0.62127 

0.07562 

8 

6 

0.46557 

-1.02590 

0.08236 

-0.77343 

-0.62315 

0.07561 

9 

6 

0.46805 

-1 .02860 

0.08283 

-0.77489 

-0.62484 

0.07589 

10 

6 

0.46918 

-1.0299) 

0.08309 

-0.77555 

-0.62576 

0.07607 

3 

7 

0.45460 

-1 .00402 

0.09751 

-0.77908 

-0.61224 

0.06807 

4 

7 

0.45533 

-1.01469 

0.07880 

-0.76824 

-0.61279 

0.08309 

5 

7 

0.46016 

-1.01963 

0.07732 

-0.77101 

-0.61850 

0.07411 

6 

7 

0.46254 

-1 .01886 

0.08111 

-0.77049 

-0.62016 

0.07422 

7 

7 

0.46244 

-1.02063 

0.08194 

-0.77098 

-0.62066 

0.07532 

8 

7 

0.46318 

-1.02238 

0.08190 

-0.77179 

-0.62156 

0.07526 

9 

7 

0.46444 

-1.02405 

0.08243 

-0.77258 

-0.62247 

0.07552 

10 

7 

0.46600 

-1.02595 

0.08273 

-0.77354 

-0.62348 

0.07569 

3 

8 

0.45502 

-1 .00350 

0.09808 

-0.77954 

-0.61464 

0.06845 

4 

8 

0.45559 

-1.01423 

0.07888 

-0.76854 

-0.61417 

0.08322 

5 

8 

0.45783 

-1.01689 

0.07744 

-0.76974 

-0.61805 

0.07409 

6 

8 

0.46235 

-1.01822 

0.08107 

-0.77046 

-0.62045 

0.07419 

7 

8 

0.46247 

-1.01971 

0.08190 

-0.77066 

-0.62082 

0.07522 

8 

8 

0.46294 

-1.02130 

0.08178 

-0.77136 

-0.62148 

0.07510 

9 

8 

0.46352 

-1.02236 

0.08226 

-0.77184 

-0.62199 

0.07532 

10 

8 

0.46420 

-1.02345 

0.08253 

-0.77234 

-0.62250 

0.07547 

A 

**21 

^22 

A 

q;3 

<>21 

ft" 

^22 

ft" 

v23 

3 

3 

0.26061 

0.07252 

0.02281 

-0.02229 

-0.30714 

0.04233 

4 

3 

0.26005 

0.07054 

0.01216 

-0.02005 

-0.31285 

0.03960 

5 

3 

0.26445 

0.07381 

0.01622 

-0.01822 

-0.31545 

0.03676 

6 

3 

0.26147 

0.07181 

0.01752 

-0.01887 

-0.31258 

0.03765 

7 

3 

0.25968 

0.06996 

0.01722 

-0.01980 

-0.31116 

0.03780 

8 

3 

0.25958 

0.06957 

0.01717 

-0.02202 

-0.31094 

0.03741 

9 

3 

0.25973 

0.06976 

0.01731 

-0.01981 

-0.31094 

0.03730 

10 

3 

0.25986 

0.07016 

0.01737 

-0.01941 

-0.31101 

0.03721 
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Table  9  (continued) 


ml 

n 

* 

<*21 

$22 

$23 

A 

0" 

W21 

A 

o” 

y22 

Q" 

y23 

3 

4 

0.27181 

0.02225 

0.03660 

-0.04785 

-0.33228 

0.03861 

4 

4 

0.26524 

0.01963 

0.02545 

-0.04703 

-0.33462 

0.03837 

5 

4 

0.26887 

0.02201 

0.02780 

-0.04659 

-0.33913 

0.03467 

6 

4 

0.27339 

0.02628 

0.02913 

-0.04378 

-0.34248 

0.03568 

7 

4 

0.27358 

0.02664 

0.02917 

-0.04365 

-0.34286 

0.03672 

8 

4 

0.27290 

0.02582 

0.02929 

-0.04454 

-0.34250 

0.03690 

9 

4 

0.27276 

0.02529 

0.02941 

-0.04515 

-0.34234 

0.03714 

10 

4 

0.27294 

0.02504 

0.02950 

-0.04544 

-0.34235 

0.03730 

5 

0.26556 

0.00794 

0.03837 

-0.05538 

-0.32983 

0.03695 

5 

0.26576 

0.00900 

0.02791 

-0.05102 

-0.33663 

0.03716 

5 

0.26612 

0.00967 

0.02943 

-0.05205 

-0.33869 

0.03343 

5 

0.26770 

0.01245 

0.03106 

-0.05045 

-0.34015 

0.03413 

5 

0.26939 

0.01419 

0.03109 

-0.04905 

-0.34214 

0.03493 

8 

5 

0.27087 

0.01483 

0.03117 

-0.04866 

-0.34374 

0.03499 

5 

0.27103 

0.01446 

0.03135 

-0.04906 

-0.34420 

0.03527 

5 

0.27092 

0.01382 

0.03157 

-0.04962 

-0.34434 

0.03549 

3 

6 

0.26456 

0.00186 

0.04006 

-0.06022 

-0.33055 

0.03695 

4 

6 

0.26522 

0.00415 

0.02881 

-0.05398 

-0.33711 

0.03703 

5 

6 

0.26678 

0.00643 

0.03007 

-0.05349 

-0.33964 

0.03317 

6 

6 

0.26768 

0.00840 

0.03165 

-0.05254 

-0.34024 

0.03377 

7 

6 

0.26789 

0.00923 

0.03176 

-0.05194 

-0.34096 

0.03456 

8 

6 

0.26881 

0.01018 

0.03183 

-0.05125 

-0.34222 

0.03457 

9 

6 

0.26989 

0.01109 

0.03192 

-0.05059 

-0.34338 

0.03475 

10 

6 

0.27035 

0.01145 

0.03206 

-0.05037 

-0.34399 

0.03488 

3 

7 

0.26707 

0.00065 

0.04036 

-0.06155 

-0.33305 

0.03720 

4 

7 

0.26389 

0.00165 

0.02901 

-0.05642 

-0.33649 

0.03714 

5 

7 

0.26674 

0.00534 

0.03014 

-0.05435 

-0.33967 

0.03313 

6 

7 

0.26758 

0.00773 

0.03171 

-0.05286 

-0.34007 

0.03365 

7 

7 

0.26764 

0.00821 

0.03171 

-0.05248 

-0.34045 

0.03435 

8 

7 

0.26793 

0.00851 

0.03178 

-0.05231 

-0.34104 

0.03433 

9 

7 

0.26837 

0.00901 

0.03189 

-0.05194 

-0.34170 

0.03451 

10 

7 

0.26897 

0.00961 

0.03205 

-0.05146 

-0.34243 

0.03465 

79125 
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Table  9  (continued) 


*1 

n 

Q* 

W21 

Q’2 

A  _ 

<>23 

8" 

"21 

8” 

y22 

8" 

y23 

3 

8 

0.26846 

-0.00069 

0.04066 

-0.06341 

-0.33511 

0.03766 

4 

8 

0.26482 

0.00072 

0.02909 

-0.05757 

-0.33751 

0.03731 

5 

8 

0.26612 

0.00376 

0.03024 

-0.05587 

-0.33936 

0.03325 

6 

8 

0.26786 

0.00711 

0.03170 

-0.05344 

-0.34025 

0.03368 

7 

8 

0.26766 

0.00784 

0.03169 

-0.05278 

-0.34040 

0.03435 

8 

8 

0.26788 

0.00819 

0.03173 

-0.05256 

-0.34084 

0.03428 

9 

8 

0.26808 

0.00846 

0.03182 

-0.05238 

-0.34119 

0.03443 

8 

0.26831 

0.00874 

0.03196 

-0.05217 

-0.34157 

0.03454 

A 

a 

A 

A 

A 

A 

«31 

Q32 

Q33 

*31 

0" 

y32 

*33 

3 

3 

0.07296 

0.25114 

0.13071 

0.15408 

0.03483 

-0.38930 

4 

3 

0.07217 

0.25766 

0.14110 

0.15751 

0.03616 

-0.39407 

5 

3 

0.06975 

0.25876 

0.14469 

0.15834 

0.03837 

-0.39349 

6 

3 

0.06924 

0.25786 

0.14600 

0.15775 

0.03879 

-0.39439 

3 

0.06949 

0.25762 

0.14689 

0.15751 

0.03871 

-0.39474 

3 

0.06960 

0.25756 

0.14712 

0.15745 

0.03865 

-0.39454 

3 

0.06971 

0.25740 

0.14684 

0.15732 

0.03850 

-0.39428 

3 

0.06982 

0.25721 

0.14643 

0.15714 

0.03831 

-0.39398 

3 

4 

0.07505 

0.25517 

0.12537 

0.15510 

0.03410 

-0.38627 

4 

4 

0.07481 

0.26071 

0.13441 

0.15741 

0.03482 

-0.39084 

5 

4 

0.07303 

0.26184 

0.13764 

0.15791 

0.03662 

-0.39020 

6 

4 

0.07209 

0.26285 

0.13934 

0.15858 

0.03758 

-0.39141 

7 

4 

0.07174 

0.26373 

0.14132 

0.15911 

0.03821 

-0.39248 

8 

4 

0.07146 

0.26418 

0.14291 

0. 15945 

0.03872 

-0.39304 

4 

0.07125 

0.26443 

0.14395 

0.15966 

0.03905 

-0.39345 

4 

0.07114 

0.26464 

0.14464 

0.15982 

0.03925 

-0.39373 

3 

5 

0.07631 

0.25468 

0.12302 

0.15410 

0.03342 

-0.38505 

4 

5 

0.07595 

0.26087 

0.13159 

0.15695 

0.03388 

-0.38955 

5 

5 

0.07446 

0.26166 

0.13487 

0.15717 

0.03547 

-0.38893 

H 

5 

0.07359 

0.26211 

0.13634 

0.15747 

0.03634 

-0.38996 

u 

5 

0.07323 

0.26312 

0.13802 

0.15810 

0.03691 

-0.39085 

n 

5 

0.07280 

0.26402 

0.13944 

0.15874 

0.03749 

-0.39134 

5 

0.07242 

0.26448 

0.14050 

0.15909 

0.03795 

-0.39180 

Efl 

5. 

0.07217 

0.26480 

0.14142 

0.15935 

0.03831 

-0.39222 
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Table  9  (concluded) 


n 

53I 

$32 

$33 

6" 

\)i 

6" 

v32 

6” 

w33 

«  o-. 

6 

0.07654 

0.25521 

0.12308 

0.15416 

0.03365 

-0.38481 

6 

0.07610 

0.26080 

0.13123 

0.15676 

0.03393 

-0.38915 

6 

0.07461 

0.26146 

0.13410 

0.15696 

0.03532 

-0.38825 

6 

0.07395 

0.26161 

0.13533 

0;  15704 

0.03598 

-0.38922 

6 

0.07372 

0.26236 

0.13685 

0.15746 

0.03642 

-0.39012 

8 

6 

0.07337 

0.26311 

0.13811 

0.15800 

0.03691 

-0.39057 

6 

0.07302 

0.26368 

0.13899 

0.15843 

0.03730 

-0.39098 

6 

0.07276 

0.26409 

0.13972 

0.15873 

0.03761 

-0.39133 

B 

0.07655 

0.25570 

0.12340 

0.15440 

0.03409 

-0.38503 

m 

0.0761 1 

0.26045 

0.13111 

0.15644 

0.03421 

-0.38909 

B 

1 

0.07480 

0.26106 

0.13358 

0.15664 

0.03526 

-0.38804 

B 

1 

0.07417 

0.26115 

0.13453 

0.15668 

0.03579 

-0.38891 

B 

1 

0.07404 

0.26180 

0.13591 

0.15703 

0.03611 

-0.38974 

8 

IS 

0.07374 

0.26242 

0.13711 

0.15748 

0.03654 

-0.39017 

0.07341 

0.26288 

0.13799 

0.15784 

0.03691 

-0.39057 

1 

0.07316 

0.26332 

0.13874 

0.15817 

0.03720 

-0.39092 

3 

8 

0.07625 

0.25652 

0.12467 

0.15494 

0.03489 

-0.38550 

4 

8 

0.07591 

0.26089 

0.13168 

0.15671 

0.03465 

-0.38931 

5 

8 

0.07474 

0.26108 

0.13380 

0.15663 

0.03551 

-0.38811 

6 

8 

0.07413 

0.26119 

0.13461 

0.15671 

0.03591 

-0.38889 

7 

8 

0.07400 

0.26170 

0.13587 

0.15697 

0.03616 

-0.38963 

8 

8 

0.07376 

0.26221 

0.13697 

0.15734 

0.03651 

-0.38998 

8 

0.07349 

0.26257 

0.13774 

0.15762 

0.03681 

-0.39034 

8 

0.07328 

0.26290 

0.13840 

0.15787 

0.03706 

-0.39065 

ON  ON  ON  u  Ui 
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Table  10 


NUMERICAL  VALUES  OF  APPROXIMATIONS 


Q-  • 

ILL 


i  =  1(1)3,  j  *  1 (1)3  ,  TO  THE 


GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAILPLANE  CONFIGURATION  OF 


EXAMPLE  4.5  WITH  DIHEDRAL  ANGLE  g  =  0,  M  =  0.8  AND  FREQUENCY  PARAMETER  v  =  1 .5 
WITH  mj  =  mj  =  n  =  nj  =  n’  =  3,  a^  =  =  a 


AND  A  NUMBER  OF  COMBINATIONS  OF  VALUES  OF  nij  AND  a 


ml 

a 

q;. 

a 

q;2 

q;3 

Q" 

^1 1 

0" 

m2 

6" 

m3 

4 

1 

0.50112 

-0.96535 

0.07411 

-0.75728 

-0.64034 

0.09777 

A 

2 

0.51299 

-0.9A871 

0.0798A 

-0.75741 

-0.64286 

0.09558 

A 

A 

0.52690 

-0.95294 

0.08353 

-0.76797 

-0.64853 

0.09556 

5 

1 

0.5109A 

-0.96933 

0.07575 

-0.76187 

-0.65037 

0.08815 

5 

2 

0.50611 

-0.95369 

0.07938 

-0.75559 

-0.64359 

0.08799 

5 

A 

0.51015 

-0.95455 

0.08177 

-0.76152 

-0.64458 

0.08571 

6 

1 

0.508 1 A 

-0.96007 

0.07987 

-0.75679 

-0.64806 

0.08826 

6 

2 

0.50801 

-0.95697 

0.078A9 

-0.75800 

-0.64648 

0.08725 

6 

A 

0.512A9 

-0.95902 

0.08070 

-0.76425 

-0.64824 

0.08583 

7 

1 

0.50A62 

-0.95683 

0.07968 

-0.75477 

-0.64596 

0.08893 

7 

2 

0.50962 

-0.95732 

0.07922 

-0.75809 

-0.64788 

0.08640 

7 

A 

0.51A63 

-0.95987 

0.081 94 

-0.7641 1 

-0.65011 

0.08491 

8 

1 

0.50A21 

-0.95633 

0.07891 

-0.75474 

-0.64586 

0.08845 

8 

2 

0.50925 

-0.95685 

0.07897 

-0.75745 

-0.64782 

0.08639 

8 

A 

0.51A32 

-0.95955 

0 . 08 141 

-0.76308 

-0.65020 

0.08509 
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Table  10  (concluded) 


ml 

a 

A 

*21 

$22 

$23 

Q" 

\21 

6" 

w22 

5" 

y23 

4 

1 

0.26005 

0.07054 

0.01216 

-0.02005 

-0.31285 

0.03960 

4 

0.25878 

0.06517 

0.01476 

-0.02313 

-0.30817 

0.03922 

4 

0.26317 

0.06654 

0.01409 

-0.02304 

-0.30981 

0.03961 

5 

0.26445 

0.07381 

0.01622 

-0.01822 

-0.31545 

0.03676 

5 

0.25835 

0.06734 

0.01719 

-0.02153 

-0.30994 

0.03740 

5 

0.25936 

0.06629 

0.01780 

-0.02299 

-0.31001 

0.03708 

6 

1 

0.26147 

0.07181 

0.01752 

-0.01887 

-0.31258 

0.03765 

6 

2 

0.26051 

0.06940 

0.01682 

-0.02042 

-0.31132 

0.03693 

6 

4 

0.26191 

0.06902 

0.01701 

-0.02140 

-0.31173 

0.03677 

7 

1 

0.25968 

0.06996 

0.01722 

-0.01980 

-0.31116 

0.03780 

7 

2 

0.26114 

0.07049 

0.01747 

-0.01960 

-0.31 161 

0.03693 

7 

4 

0.26274 

0.07063 

0.01800 

-0.02010 

-0.31221 

0.03693 

8 

1 

0.25958 

0.06957 

0.01717 

-0.02002 

-0.31094 

0.03741 

8 

2 

0.26101 

0.07059 

0.01737 

-0.01945 

-0.31150 

0.03681 

8 

4 

0.26264 

0.07096 

0.01781 

-0.01971 

-0.31219 

0.03680 

ml 

a 

«3> 

Q32 

<>33 

0" 

^31 

0" 

w32 

0" 

^33 

4 

i 

0.07217 

0.25766 

0.14110 

0.15751 

0.03616 

-0.39407 

4 

0.06836 

0.25727 

0.14594 

0.15945 

0.03886 

-0.39518 

4 

0.06877 

0.25779 

0.14322 

0.16077 

0.03834 

-0.39408 

5 

0.06975 

0.25876 

0.14469 

0.15834 

0.03837 

-0.39349 

5 

0.06993 

0.25711 

0.14588 

0.15789 

0.03804 

-0.39399 

5 

0.07056 

0.25733 

0.14420 

0.15887 

0.03765 

-0.39298 

6 

i 

0.06924 

0.25786 

0.14600 

0.15775 

0.03879 

-0.39439 

6 

2 

0.07032 

0.25717 

0.14540 

0.15767 

0.03789 

-0.39336 

6 

4 

0.07067 

0.25772 

0.14470 

0.15891 

0.03785 

-0.39278 

7 

1 

0.06949 

0.25762 

0.14689 

0.15751 

0.03871 

-0.39474 

7 

2 

0.07033 

0.25700 

0.14466 

0.15741 

0.03780 

-0.39292 

7 

4 

0.07048 

0.25769 

0.14429 

0.15871 

0.03794 

-0.39252 

8 

I 

0.06960 

0.25756 

0.14712 

0.15745 

0.03865 

-0.39454 

8 

2 

0.07037 

0.25688 

0.14451 

0.15721 

0.03773 

-0.39280 

8 

4 

0.07042 

0.25758 

0.14428 

0.15846 

0.03793 

-0.39245 
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Table  11 


NUMERICAL  VALUES  OF  APPROXIMATIONS 


Qii’ 


i  ■  1(1)3,  j  -  1(1)3  ,  TO  THE 


GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAILPLANE  CONFIGURATION  OF 


EXAMPLE  4.5  WITH  DIHEDRAL  ANGLE 
WITH  m!  -  m 


ct  =  0,  M  »  0.8  AND  FREQUENCY  PARAMETER  v  «  1 .5 


m2  =  m2*  n!  =  n2 


1 


n 


3,  a 


AND  A  NUMBER  OF  COMBINATIONS  OF  VALUES  OF  AND 


“2: 


ml 

m2 

Qil 

q;2 

q;3 

0" 

v12 

Q" 

y13 

3 

3 

0.50135 

-0.94306 

0.09438 

-0.76001 

-0.63726 

0.08305 

4 

3 

0.49352 

-0.92549 

0.08665 

-0.73541 

-0.63214 

0.07856 

3 

4 

0.50104 

-0.97849 

0.07379 

-0.78070 

-0.63851 

0.10333 

4 

4 

0.50112 

-0.96535 

0.07411 

-0.75728 

-0.64034 

0.09777 

5 

4 

0.50078 

-0.96043 

0.07910 

-0.75294 

-0.64272 

0.09321 

4 

5 

0.51247 

-0.97155 

0.07594 

-0.76508 

-0.64812 

0.08895 

5 

5 

0.51094 

-0.96933 

0.07575 

-0.76187 

-0.65037 

0.08815 

6 

5 

0.51004 

-0.96798 

0.07587 

-0.76145 

-0.65098 

0.08868 

5 

6 

0.50640 

-0.95903 

0.08055 

-0.75531 

-0.64532 

0.08861 

6 

6 

0.50814 

-0.96007 

0.07987 

-0.75679 

-0.64806 

0.08826 

c* 


9 


I 


ml 

®2 

$21 

$22 

$23 

8" 

vl 

0” 

y22 

0” 

y23 

3 

3 

0.26061 

0.07252 

0.02281 

-0. 02229 

-0.30714 

0.04233 

4 

3 

0.25042 

0.07240 

0.02108 

-0.01940 

-0.30157 

0.03752 

3 

4 

0.26769 

0.06503 

0.01050 

-0.02655 

-0.31623 

0.04069 

4 

4 

0.26005 

0.07054 

0.01216 

-0.02005 

-0.31285 

0.03960 

5 

4 

0.25864 

0.07296 

0.01492 

-0.01796 

-0.31134 

0.03896 

4 

5 

0.26594 

0.07287 

0.01623 

-0.01946 

-0.31669 

0.03717 

5 

5 

0.26445 

0.07381 

0.01622 

-0.01822 

-0.31545 

0.03676 

6 

5 

0.26366 

0.07358 

0.01601 

-0.01803 

-0.31433 

0.03694 

5 

6 

0.26081 

0.07125 

0.01779 

-0.01936 

-0.31272 

0.03827 

6 

6 

0.26147 

0.07181 

0.01752 

-0.01887 

-0.31258 

0.03765 

®2 

A 

*31 

^32 

$33 

8" 

W31 

8” 

y32 

8" 

W33 

3 

0.07296 

0.25114 

0.13071 

0.15408 

0.03483 

-0.38930 

3 

0.07060 

0.25001 

0.13128 

0.15209 

0.03600 

-0.38729 

4 

0.07504 

0.26043 

0.14060 

0.16180 

0.03532 

-0.39513 

4 

0.07217 

0.25766 

0. 141 10 

0.15751 

0.03616 

-0.39407 

4 

0.07222 

0.25660 

0.14057 

0.15597 

0.03614 

-0.39300 

5 

0.06926 

0.25916 

0.14449 

0.15956 

0.03841 

-0.39376 

5 

0.06975 

0.25876 

0.14469 

0.15834 

0.03837 

-0.39349 

5 

0.07020 

0.25869 

0.14463 

0.15799 

0.03822 

-0.39355 

6 

0.06902 

0.25747 

0.14591 

0.15776 

0.03870 

-0.39457 

6 

0.06924 

0.25786 

0.14600 

0.15775 

0.03879 

-0.39439 
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T«bl«  12 

NUMERICAL  VALUES  OF  APPROXIMATIONS  Q. .  ,  i  -  1(1)6,  j  -  1(1)6,  TO  THE 

GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FlN-TAiLPtAHtt  dbWIGURATION 
OF  EXAMPLE  4.6  FOR  A  NUMBER  OF  VALUES  OF  THE  DIHEDRAL  ANCLE  a 

V  -  0.0000001.  M  -  O.TT 

®1  “  mi  “  “2  “  “2  “  6  »  n  -  nj  -  n“  -  5  ,  -  «2  -  1 


a 

$ii 

A 

*;2 

A 

q;3 

A 

* 

Q.’s 

$16 

ir 

"  6 

0.00000 

-0.45868 

0.00000 

0.00000 

-0.57162 

0.00000 

w 

”  12 

0.00000 

-0.43857 

0.00000 

0.00000 

-0.62847 

0.00000 

0 

0.00000 

-0.42525 

0.00000 

0.00000 

-0.67562 

0.00000 

IT 

12 

0.00000 

-0.41572 

0.00000 

0.00000 

-0.71180 

0.00000 

ir 

6 

0.00000 

-0.40850 

0.00000 

0.00000 

-0.73638 

0.00000 

a 

A 

<*11 

Q" 

m2 

$13 

6" 

"l  4 

$*15 

$*16 

IT 

"  6 

-0.35896 

-0.49920 

0.14325 

-0.57162 

-0.62004 

-0.31543 

¥ 

“  12 

-0.34682 

-0.47940 

0.11680 

-0.62847 

-0.63538 

-0.32177 

0 

-0.33881 

-0.46620 

0.09852 

-0.67562 

-0.63668 

-0.32673 

IT 

17 

-0.33309 

-0.45720 

0.08522 

-0.71180 

-0.62569 

-0.33050 

ir 

6 

-0.32875 

-0.45121 

0.07515 

-0.73638 

-0.60659 

-0.33335 

a 

A 

*21 

$22 

A 

^23 

$24 

$25 

$26 

¥ 

"  6 

0.00000 

0.09126 

0.00000 

0.00000 

0.14999 

0.00000 

¥ 

"  12 

0.00000 

0.09238 

0.00000 

0.00000 

0.15674 

0.00000 

0 

0.00000 

0.09295 

0.00000 

0.00000 

0.16323 

0.00000 

¥ 

12 

0.00000 

0.09320 

0.00000 

0.00000 

0.16887 

0.00000 

¥ 

6 

0.00000 

0.09328 

0.00000 

0.00000 

0.17320 

0.00000 

a 

6” 

^21 

6" 

**22 

6” 

y23 

Q" 

**24 

6" 

**25 

A 

«26 

¥ 

~  6 

0.06703 

-0.25279 

0.00039 

0.14999 

-0.37416 

0.09164 

¥ 

"  12 

0.06839 

-0.24325 

-0.00105 

0.15674 

-0.40921 

0.09134 

0 

0.06918 

-0.23708 

-0.00194 

0.16323 

-0.44049 

0.09101 

m 

0.06965 

• 

-0.23270 

-0.00251 

0.16887 

-0.46670 

0.09069 

LL 

0.06992 

-0.22930 

» 

-0.00288 

0.17320 

-0.48659 

0.09040 
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Tnbln  12  (continued) 


a 

$31 

A  _ 

«32 

$33 

$34 

«35 

$36 

* 

“  6 

0.00000 

0.22109 

0.00000 

0.00000 

0.01452 

0.00000 

ir 

~  12 

0.00000 

0.18035 

0.00000 

0.00000 

0.17977 

0.00000 

0 

0.00000 

0.15234 

0.00000 

0.00000 

0.35679 

0.00000 

* 

a 

0.00000 

0.13194 

0.00000 

0.00000 

0.52880 

0.00000 

ir 

6 

0.00000 

0.11641 

0.00000 

0.00000 

0.67914 

0.00000 

a 

6" 

y31 

6” 

w32 

0" 

w33 

Q" 

W34 

$35 

6” 

W36 

ir 

*  6 

0.14062 

0.13446 

-0.49151 

0.01452 

-0.10211 

-0.27042 

ir 

”  12 

0.11458 

0.09079 

-0.46922 

0.17977 

0.00499 

-0.28887 

0 

0.09660 

0.05801 

-0.45353 

0.35679 

0.12109 

-0.301 18 

ir 

17 

0.08350 

0.03255 

-0.44046 

0.52880 

0.23023 

-0.30852 

ir 

6 

0.07352 

0.01283 

-0.42747 

0.67914 

0.31883 

-0.31 104 

a 

A 

«41 

A 

%2 

A 

Q43 

$44 

$45 

A 

*46 

ir 

"  6 

0.00000 

-0.78165 

0.00000 

0.00000 

-1.35846 

0.00000 

ir 

~  12 

0.00000 

-0.86364 

0.00000 

0.00000 

-1 .52206 

0.00000 

0 

0.00000 

-0.93141 

0.00000 

0.00000 

-1.84038 

0.00000 

¥ 

12 

0.00000 

-0.98322 

0.00000 

0.00000 

-2.30497 

0.00000 

IT 

6 

0.00000 

-1.01814 

0.00000 

0.00000 

-2.85162 

0.00000 

a 

Q" 

^41 

Q" 

\2 

Q" 

y43 

6” 

w44 

Q" 

y45 

Q" 

y46 

ir 

'  6 

-0.55877 

-0.91581 

0.00688 

-1.35846 

-1.61322 

-0.77477 

ir 

"  12 

-0.61185 

-0.95700 

0.16720 

-1.52206 

-1 .64208 

-0.69644 

0 

-0.65563 

-0.97547 

0.33980 

-1.84038 

-1.75802 

-0.59161 

w 

12 

-0.68906 

-0.97295 

0.50836 

-2.30497 

-1 .96023 

-0.47486 

ir 

6 

-0.71165 

-0.95486 

0.65652 

-2.85162 

-2.20678 

-0.36162 
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Table  12  (concluded) 


a 

*51 

*52 

A 

^53 

** 

*55 

*56 

ir 

'  6 

0.00000 

0.21598 

0.00000 

0.00000 

0.49183 

0.00000 

IT 

"  12 

0.00000 

0.23417 

0.00000 

0.00000 

0.55715 

0.00000 

0 

0.00000 

0.25019 

0.00000 

0.00000 

0.66568 

0.00000 

ir 

12 

0.00000 

0.26318 

0.00000 

0.00000 

0.81292 

0.00000 

ir 

6 

0.00000 

0.27253 

0.00000 

0.00000 

0.97936 

0.00000 

a 

*51 

Q" 

w52 

*53 

6" 

y54 

*55 

*56 

IT 

~  6 

0.12240 

-0.29094 

-0.02332 

0.49183 

-0.51336 

0.19266 

ir 

"  12 

0.13179 

-0.30895 

-0.04873 

0.55715 

-0.56993 

0.18544 

0 

0.14033 

-0.32758 

-0.07599 

0.66568 

-0.671 13 

0.17420 

IT 

12 

0.14751 

-0.34596 

-0.10254 

0.81292 

-0.81806 

0.16064 

ir 

6 

0.15287 

-0.36247 

-0.12598 

0.97936 

-0.99588 

0.14655 

a 

*62 

*63 

*64 

A 

%5 

%6 

IT 

~  6 

0.00000 

-0.38755 

0.00000 

0.00000 

-0.77775 

0.00000 

ir 

~  12 

0.00000 

-0.39536 

0.00000 

0.00000 

-0.69827 

0.00000 

0 

0.00000 

-0.40163 

0.00000 

0.00000 

-0.59222 

0.00000 

ir 

12 

0.00000 

-0.40655 

0.00000 

0.00000 

-0.47446 

0.00000 

w 

S 

0.00000 

-0.41039 

0.00000 

0.00000 

-0.36070 

0.00000 

a 

*2. 

6" 

y62 

Q" 

^63 

6” 

^64 

*65 

6" 

y66 

ir 

'  6 

-0.31343 

-0.52326 

-0.27174 

-0.77775 

-0.96164 

-0.65929 

ir 

'77 

-0.31980 

-0.53370 

-0.29033 

-0.69827 

-0.88467 

-0.68569 

0 

-0.32478 

-0.54436 

-0.30272 

-0.59222 

-0.77731 

-0.70434 

ir 

12 

-0.32863 

-0.55468 

-0.31001 

-0.47446 

-0.65760 

-0.71656 

w 

6 

-0.33161 

-0,56416 

-0.31238 

-0.36070 

-0.54486 

-0.72277 
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Table  13 


NUMERICAL  VALUES  OF  APPROXIMATIONS 


Q.  . 


1(06,  j  -  1(1)6  TO  THE 


GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  F IN-TAILPLANE  CONFIGURATION 
OF  EXAMPLE  4.6  FOR  A  NUMBER  OF  VALUES  OF  THE  DIHEDRAL  ANGLE  a 


V  -  1 .5.  M  -  0.8 


*i  “  “2  "  “2 


-  n' 


n2- 


a 

0' 

V11 

q;2 

«13 

QU 

A 

q;5 

*16 

ir 

'  6 

0.32546 

-0.83758 

0.04089 

0.59699 

-1.14696 

0.44292 

it 

“  12 

0.32391 

-0.71875 

0.08462 

0.56154 

-1.19952 

0.46935 

0 

0.34326 

-0.63059 

0.10038 

0.53642 

-1 .22822 

0.50125 

IT 

12 

0.36692 

-0.57217 

0.10360 

0.51812 

-1.23802 

0.53036 

t 

0.38829 

-0.53530 

0.10177 

0.50419 

-1.22960 

0.55398 

a 

Q" 

Ml 

Q" 

M2 

6" 

M3 

6". 

m4 

Q’l’s 

*16 

IT 

'  6 

-0.51946 

-0.45316 

0.27691 

-0.90120 

-0.53191 

-0.42458 

IT 

~  12 

-0.46317 

-0.41640 

0.20866 

-0.94951 

-0.50979 

-0.41002 

0 

-0.42660 

-0.41161 

0.15629 

-0.97838 

-0.49524 

-0.40625 

IT 

12 

-0.40516 

-0.41979 

0.11728 

-0.99148 

-0.A8429 

-0.41031 

IT 

6 

-0.39342 

-0.43152 

0.08774 

-0.99018 

-0.47450 

-0.41895 

a 

a  . 

«21 

^22 

$23 

A 

<>24 

$25 

$26 

IT 

"  6 

0.26771 

-0.03886 

-0.17634 

0.59285 

-0.06999 

0.23064 

IT 

”  12 

0.22330 

-0.02954 

-0. I 1733 

0.60691 

-0.10712 

0.22041 

0 

0.20035 

-0.00375 

-0.07635 

0.61295 

-0.12857 

0.22225 

IT 

IT 

0.19079 

0.02310 

-0.04828 

0.61259 

-0.14020 

0.23080 

IT 

6 

0.18830 

0.04578 

-0.02825 

0.60532 

-0.14499 

0.24233 

a 

A 

0" 

Ml 

Q" 

M2 

6" 

M3 

q" 

^24 

6" 

M5 

6" 

M6 

ir 

'  6 

-0.06503 

-0.38181 

0.09616 

-0.04762 

-0.56312 

.  0.01232 

IT 

"TT 

0.04800 

-0.32667 

0.09153 

-0.07039 

-0.57628 

0.02602 

0 

-0.02914 

-0.29240 

0.08126 

-0.08327 

-0.58302 

0.03873 

IT 

TT 

-0.01338 

-0.27320 

0.07053 

-0.08953 

-0.58394 

0.04823 

w 

6 

-O.OC152 

-0.26314 

0.06096 

-0.09108 

-0.57841 

0.05445 

\ 
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Table  13  (continued) 


a 

*31 

Q* 

w32 

*33 

*34 

*36 

v 

"  6 

0.11496 

0.63090 

0.31796 

0.32352 

0.60037 

0.40899 

n 

"H 

0.14761 

0.48844 

0.29595 

0.27428 

0.77605 

0.44966 

0 

0.15171 

0.37186 

0.30134 

0.17231 

0.91867 

0.47413 

» 

12 

0.14438 

0.28264 

0.31448 

0.03774 

1.02226 

0.48738 

ir 

6 

0.13353 

0.21469 

0.32092 

-0.09667 

1 .08322 

0.48698 

a 

*31 

Q" 

W32 

Q" 

w33 

6" 

^34 

6" 

W35 

6" 

y36 

TT 

"  6 

0.27441 

0.06210 

-0.65477 

0.26041 

-0.23079 

-0.22535 

IT 

'  12 

0.19774 

-0.01427 

-0.58811 

0.42232 

-0.18167 

-0.26942 

0 

0.14052 

-0.05100 

-0.53495 

0.57315 

-0.09383 

-0.29989 

IT 

12 

0.09895 

-0.06774 

-0.49233 

0.70308 

0.01553 

-0.31870 

IT 

6 

0.06822 

-0.07512 

-0.45565 

0.80163 

0.12082 

-0.32774 

a 

*41 

*42 

*43 

*44 

*45 

*46 

IT 

'  6 

0.35794 

-1.53891 

0.38268 

1 .75441 

-2.83320 

0.99752 

IT 

~  12 

0.30178 

-1 .60388 

0.34470 

1.54165 

-3.36327 

0.88813 

0 

0.26854 

-1 .62865 

0.24299 

1.43104 

-4.06167 

0.74184 

IT 

12 

0.25092 

-1.62569 

0.10194 

1 .48087 

-4.84136 

0.57386 

IT 

6 

0.24481 

-1.59898 

-0.04249 

1 .67169 

-5.57360 

0.41480 

a 

Q" 

^41 

6" 

^42 

Q" 

y43 

6" 

y44 

*45 

Q" 

^46 

IT 

"  6 

-0.86290 

-0.72850 

0.24352 

-2.08810 

-1.32231 

-1.02289 

IT 

‘  12 

-0.88306 

-0.68960 

0.38948 

-2.38885 

-1.15931 

-0.92358 

0 

-0.88898 

-0.66480 

0.52919 

-2.82760 

-1.07360 

-0.80552 

IT 

12 

-0.88450 

-0.64856 

0.65281 

-3.36377 

-1 . 10323- 

-0.68438 

IT 

6 

-0.87048 

-0.63685 

0.74746 

-3.91127 

-1.23024 

-0.57489 
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Table  13  (concluded) 


a 

*51 

*52 

- 

*53 

*54 

A 

*55 

*56 

IT 

"  6 

0.41816 

0.12069 

-0.19452 

0.71852 

0.49189 

0.37990 

IT 

"  12 

0.39677 

0.08784 

-0.19113 

0.81780 

0.43594 

0.35661 

0 

0.37942 

0.07546 

-0.18750 

0.92284 

0.42233 

0.33776 

IT 

12 

0.36610 

0.07334 

-0.18474 

1 .021 14 

0.46097 

0.32287 

IT 

6 

0.35470 

0.07566 

-0.18029 

1 .09820 

0.53869 

0.31181 

a 

*31 

Q" 

w52 

Q" 

w53 

*54 

Q55 

*56 

TT 

“  6 

-0.04390 

-0.51033 

0.07701 

0.29531 

-0.86239 

0.09054 

IT 

"  12 

-0.05327 

-0.49783 

0.08161 

0.27727 

-0.96303 

0.08465 

0 

-0.05416 

-0.48346 

0.07083 

0.28990 

-1 .09178 

0.07431 

IT 

12 

-0.05132 

-0.47004 

0.05127 

0.33841 

-1.23569 

0.05941 

IT 

6 

-0.04693 

-0.45706 

0.02999 

0.41248 

-1.37258 

0.04382 

a 

*61 

%2 

^63 

*64 

*65 

A 

*U 

IT 

"  6 

0.43717 

-0.56506 

0.37074 

1.14114 

-1.14331 

0.91932 

If 

"  12 

0.46925 

-0.52003 

0.41248 

1.04943 

-1 .04584 

0.99765 

0 

0.50305 

-0.50022 

0.43984 

0.92010 

-0.94626 

1.06776 

If 

12 

0.53100 

-0.49960 

0.45718 

0.76638 

-0.85780 

1.12282 

IT 

6 

0.55172 

-0.51055 

0.46124 

0.61644 

-0.78489 

1.15681 

a 

*61 

Q" 

^62 

Q" 

^63 

6" 

y64 

o" 

6" 

W66 

w 

~  6 

-0.41655 

-0.49808 

-0.22933 

-1.03423 

-0.92200 

-0.77376 

* 

"  12 

-0.40514 

-0.51805 

-0.26930 

-0.94413 

-0.84419 

-0.79379 

0 

-0.40583 

-0.54688 

-0.29598 

-0.83671 

-0.73922 

-0.81676 

w 

12 

-0.41419 

-0.57488 

-0.31178 

-0.72717 

-0.61737 

-0.83962 

w 

<> 

-0.42635 

-0.59875 

-0.31878 

-0.62775 

-0.50014 

-0.85943 
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Table  14 


NUMERICAL  VALUES  OF  APPROXIMATIONS 


i  -  1(1)6,  j  -  1(06,  TO  THE 


GENERALISED  AIRFORCE  COEFFICIENTS  FOR  THE  FIN-TAILPLANE  CONFIGURATION 
OF  EXAMPLE  4.6  WITH  DIHEDRAL  ANGLE  a  -  0  AND  M  -  0.8  FOR  A  NUMBER 
OF  VALUES  OF  FREQUENCY  PARAMETER  v 
mj  -  m{  -  m2  "  m2  ”  8  ‘  n  ■  nj  -  i»2  ■  S  ,  =  a2  =  1 


V 

$il 

*12 

A 

q;3 

A 

«i4 

$;5 

$’.6 

O.OOOOOOl 

(0.001) 

0.00000 

(0.0) 

-0.42525 

(-0.41789) 

0.00000 

(0.0) 

0.00000 

-0.67562 

0.00000 

0.25 

0.01190 

-0.42674 

0.00075 

0.01954 

-0.68002 

0.01492 

0.50 

0.04883 

-0.43624 

0.00211 

0.08272 

-0.70431 

0.06075 

0.75 

(0.75) 

0.11067 

(0.10684) 

-0.46080 

(-0.44158) 

0.00396 

(0.00356) 

0.19283 

-0.76495 

0.13791 

1.00 

0.19087 

-0.50962 

0.01093 

0.33832 

-0.88517 

0.24299 

1.25 

(1.25) 

0.27156 

(0.27518) 

-0.58034 

(-0.52460) 

0.03782 

(0.02494) 

0.47176 

-1.06817 

0.36555 

1.50 

(1.50) 

0.34326 

(0.36366) 

-0.63059 

(-0.56912) 

0.10038 

(0.06628) 

0.53642 

-1.22822 

0.50125 

V 

$11 

Q" 

W12 

Q" 

W13 

$14 

$15 

6" 

y16 

0.0000001 

(0.01) 

-0.33881 

(-0.33401) 

-0.46620 

(-0.45686) 

0.09852 

(0.09716) 

-0.67562 

-0.63668 

-0.32673 

0.25 

-0.33956 

-0.47525 

0.09850 

-0.67634 

-0.65555 

-0.32757 

0.50 

-0.34556 

-0.48451 

0.10101 

-0.68953 

-0.67533 

-0.33296 

0.75 

(0.75) 

-0.36025 

(-0.34613) 

-0.49204 

(-0.47924) 

0.10895 

(0.10371) 

-0.72654 

-0.69132 

-0.34526 

1.00 

-0.38541 

-0.48959 

0.12466 

-0.79783 

-0.68564 

-0.36580 

1.25 

(1.25) 

-0.41439 

(-0.38834) 

-0.46230 

(-0.46244) 

0.14537 

(0.13087) 

-0.89801 

-0.62287 

-0.39051 

1 .50 
(1.50) 

-0.42660 

(-0.40475) 

-0.41 161 
(-0.43067) 

0.15629 

(0.14351) 

-0.97838 

-0.49524 

-0.40625 

1A 

<S 
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Table  14  (continued) 


A 

A 

A 

V 

«21 

Q22 

«23 

*24 

«25 

«26 

■imunumH 

0.00000 

0.09295 

0.00000 

0.00000 

0.16323 

0.00000 

(0.01) 

(0.0) 

(0.08704) 

(0.0) 

0.25 

0.00642 

0.09567 

-0.00264 

•0.01576 

0.16719 

0.00613 

0.50 

0.02625 

0.10331 

-0.01080 

0.06485 

0.17834 

0.02515 

0.75 

0.06150 

0.11074 

-0.02575 

0.15487 

0.18655 

0.05910 

(0.75) 

(0.05558) 

(0.10203) 

(-0.02223) 

1 .00 

0.11286 

0.10454 

-0.04862 

0.29553 

0.16314 

0.10947 

1 .25 

0.16885 

0.06410 

-0.07300 

0.47267 

0.05834 

0.16982 

(1.25) 

(0.15086) 

(0.07704) 

(-0.06101) 

1.50 

0.20035 

-0.00375 

-0.07635 

0.61295 

-0.12857 

0.22225 

(1.50) 

(0.19129) 

(0.03562) 

(-0.07070) 

V 

6" 

W21 

Q” 

^22 

q”3 

A 

0" 

^24 

A 

0" 

V25 

6" 

^26 

0.0000001 

0.06918 

-0.23708 

-0.00194 

0.16323 

-0.44049 

0.09101 

(0.01) 

(0.06473) 

(-0.22749) 

(-0.00061) 

0.25 

0.06804 

-0.23910 

-0.00083 

0.16133 

-0.44465 

0.09077 

0.50 

0.06469 

-0.24986 

0.00232 

0.15645 

-0.46720 

0.09007 

0.75 

0.05678 

-0.26934 

0.00877 

0.14354 

-0.50949 

0.08711 

(0.75) 

(0.05295) 

(-0.25070) 

(0.00907) 

1.00 

0,03889 

-0.29429 

0.02236 

0.10785 

-0.56695 

0.07797 

1.25 

0.00631 

-0.30972 

0.04815 

0.02833 

-0.60973 

0.05929 

(1.25) 

(0.01546) 

(-0.27771) 

(0.03779) 

1.50 

-0.02914 

-0.29240 

0.08126 

-0.08327 

-0.58302 

0.03873 

(1.50) 

(-0.01157) 

(-0.27051) 

(0.06198) 

MD 
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Table  14  (continued) 


V 

*31 

$32 

A 

Q33 

Q. 

^34 

^35 

*36 

0.0000001 

(0.001) 

0.00000 

(0.0) 

0.15234 

(0.15080) 

0.00000 

(0.0) 

0.00000 

0.35679 

0.00000 

0.25 

0.00096 

0.15587 

0.00967 

-0.00146 

0.36495 

0.01032 

0.50 

0.00334 

0.16985 

0.03957 

-0.00851 

0.39704 

0.04123 

0.75 

(0.75) 

0.00848 

(0.00697) 

0.19981 

(0.18743) 

0.09031 

(0.09015) 

-0.02179 

0.46629 

0.09439 

1 .00 

0.02409 

0.25274 

0.15858 

-0.02771 

0.59118 

0.17603 

1.25 

(1.25) 

0.06842 

(0.04641) 

0.32394 

(0.28098) 

0.23258 

(0.24305) 

0.01987 

0.76972 

0.29969 

1.50 

(1.50) 

0.15171 

(0.10339) 

0.37186 

(0.32998) 

0.30134 

(0.32891) 

0.17231 

0.91867 

0.47413 

V 

Q" 

^31 

Q" 

y32 

Q" 

^33 

^34 

6" 

W35 

6" 

06 

0.0000001 

(0.001) 

0.09660 

(0.09503) 

0.05801 

(0.05964) 

-0.45353 

(-0.44871) 

0.35679 

0.12109 

-0.30118 

0.25 

0.09708 

0.06236 

-0.45443 

0.35786 

0.13105 

-0.30142 

0.50 

0.10095 

0.06512 

-0.45904 

0.36840 

0.13973 

-0.30048 

0.75 

(0.75) 

0.11077 

(0.10453) 

0.06373 

(0.06587) 

-0.47007 

(-0.45986) 

0.39735 

0.14150 

-0.29703 

1.00 

0.12747 

0.05028 

-0.48980 

0.45270 

0.11959 

-0.29090 

1.25 

(1.25) 

0.14395 

(0.13001) 

0.01132 

(0.03376) 

-0.51576 

(-0.49479) 

0.52690 

0.04251 

-0.28729 

1.50 

(1.50) 

0.14052 

(0.13439) 

-0.05100 

(-0.00636) 

-0.53495 

(-0.51492) 

0.57315 

-0.09383 

-0.29989 
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Table  14  (continued) 


A 

V 

Q42 

^43 

«44 

^45 

Q46 

0.0000001 

0.00000 

-0.93141 

0.00000 

0.00000 

-1 .84038 

0.00000 

0.25 

0.01866 

-0.94101 

-0.00122 

0.06241 

-1 .87308 

0.02716 

0.50 

0.07651 

-0.98449 

-0.00664 

0.25977 

-2.00408 

0.11046 

0.75 

0.16816 

-1 .08388 

-0.01423 

0.59301 

-2.28669 

0.24735 

1.00 

0.26491 

-1.26360 

-0.00586 

1 .00889 

-2.78909 

0.42002 

1.25 

0.30425 

-1.49769 

0.06737 

1 .33966 

-3.48789 

0.58836 

1 .50 

0.26854 

-1.62865 

0.24299 

1 .43104 

-4.06167 

0.74184 

V 

*41 

6" 

^42 

6" 

w43 

6" 

^44 

6" 

^45 

6” 

W46 

0.0000001 

-0.65563 

-0.97547 

0.33980 

-1 .84038 

-1.75802 

-0.59161 

0.25 

-0.65981 

-0.99821 

0.34191 

-1 .85015 

-1 .80715 

-0.59519 

0.50 

-0.68222 

-1.01746 

0.35500 

-1.90924 

-1 .85396 

-0.61366 

0.75 

-0.73160 

-1.02354 

0.38677 

-2.04969 

-1 .87685 

-0.65335 

1.00 

-0.80920 

-0.98589 

0.44219 

-2.29742 

-1 .80890 

-0.71574 

1.25 

-0.88508 

-0.85867 

0.50681 

-2.61504 

-1.53716 

-0.78172 

1.50 

-0.88898 

-0.66480 

0.52919 

-2.82760 

-1.07360 

-0.80552 

V 

*51 

$52 

A 

«53 

$54 

$55 

$56 

0.0000001 

0.00000 

0.25019 

0.00000 

0.00000 

0.66568 

0.00000 

0.25 

0.01109 

0.25646 

-0.00519 

0.01968 

0.68232 

0.00859 

0.50 

0.04546 

0.27602 

-0.02121 

0.08170 

0.73503 

0.03553 

0.75 

0.10852 

0.29984 

-0.05137 

0.20357 

0.80795 

0.08582 

1.00 

0.20540 

0.30018 

-0.10087 

0.41441 

0.84477 

0.16484 

1 .25 

0.31733 

0.22654 

-0.16157 

0.70318 

0.72956 

0.26234 

1.50 

0.37942 

0.07546 

-0.18750 

0.92284 

0.42233 

0.33776 

V 

$51 

Q" 

y52 

6" 

W53 

6" 

W54 

6" 

y55 

$56 

0.0000001 

0.14033 

-0.32758 

-0.07599 

0.66568 

-0.671 13 

0.17420 

0.25 

0.13840 

-0.32880 

-0.07426 

0.66426 

-0.67383 

0.17399 

0.50 

0.13392 

-0.35026 

-0.07028 

0.66564 

-0.71951 

0.17440 

0.75 

0.12242 

-0.39289 

-0.06209 

0.66220 

-0.8138D 

0.17193 

1 .00 

0.09148 

-0.45304 

-0.04161 

0.62358 

-0.95514 

0.15763 

1.25 

0.02648 

-0.50190 

0.00443 

0.49743 

-1.08983 

0.12118 

1.50 

-0.05416 

-0.48346 

0.07083 

0.28990 

-1 .09178 

0.07431 
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Table  14  (concluded) 


V 

$61 

$62 

$63 

$64 

$65 

$66 

0.0000001 

0.00000 

-0.40163 

0.00000 

0.00000 

-0.59222 

0.00000 

0.25 

0.01496 

-0.40122 

0.01018 

0.02773 

-0.59404 

0.02893 

0.50 

0.06082 

-0.40389 

0.04047  • 

0.11422 

-0.60803 

0.11697 

0.75 

0.13783 

-0.41466 

0.09172 

0.26210 

-0.64587 

0.26574 

1.00 

0.24242 

-0.43963 

0.16822 

0.46478 

-0.72323 

0.47510 

1.25 

0.36486 

-0.47689 

0.28073 

0.69401 

-0.84143 

0.74157 

1 .50 

0.50305 

-0.50022 

0.43984 

0.92010 

-0.94626 

1 .06776 

V 

$61 

6" 

^62 

6" 

^63 

6" 

w64 

$65 

$66 

o;ooooooi 

-0.32478 

-0.54436 

-0.30272 

-0.59222 

-0.77731 

-0.70434 

0.25 

-0.32580 

-0.55242 

-0.30323 

-0.59366 

-0.79355 

-0.70604 

0.50 

-0.33162 

-0.56175 

-0.30313 

-0.60611 

-0.81174 

-0.71349 

0.75 

-0.34447 

-0.57137 

-0.30103 

-0.63691 

-0.82932 

-0.72872 

1.00 

-0.36536 

-0.57597 

-0.29613 

-0.69260 

-0.83437 

-0.75313 

1.25 

-0.38987 

-0.56678 

-0.29109 

-0.76921 

-0.80483 

-0.78474 

1 .50 

-0.40583 

-0.54688 

-0.29598 

*  .  ■  l  l  l  1  1  i— L 

-0.83671 

-0.73922 

-0.81676 

[•] 


LIST  OF  SYMBOLS 


V  d2 

a  ,  a(a),  a(la) 
r’  r  *  r 


A(£,a;u,M) 

Ar(l),  Ar(A) 

cy.  C%] 

Ar(p,q) 

A0)  A(2) 

q;r»s’  q;r ,  s 

A<‘>  A(2>  . 

p;i»j  p;i.j 

[*n  •  m  [*®] 
in  m-  m 

b  ,  b(a),  b(,a) 
r’  r  ’  r 


bq(t) 


B(?,a;y,M) 
Br(l),  Br(A) 

»r(p»q) 

cr’  cr 
Cj  (z) 

c2(u),  c3(u) 

c|(z),  c';(z) 
C  (A) 


speed  of  sound  in  the  undisturbed  main  stream.  Also  a 
positive  integer  used  in  the  relation  (3-5) 

integers  used  in  the  relations  (3-15)  and  (3-36) 
respectively 

coefficients  appearing  in  formulae  (D-17),  (D-26)  and 
(D-28)  respectively 

a  positive  number  used  as  a  demarcation  point  in  (0,°°) 

quantity  defined  by  formula  (B-27) 

coefficients  appearing  in  formulae  (C-53)  and  (F-6) 
respectively 

matrices  defined  by  formulae  (2-105)  and  (2-106) 
respectively 

quantity  defined  by  formula  (A-9) 

coefficients  appearing  in  formulae  (2-56)  and  (2-57) 
respectively 

coefficients  appearing  in  formulae  (2-79)  and  (2-80) 
respectively 

column  matrices  appearing  in  formula  (2-106)  and 
defined  immediately  afterwards 

row  matrices  appearing  in  formula  (2-105)  and  defined 
immediately  afterwards 

coefficients  appearing  in  formulae  (D-18),  (D-27)  and 
(D-29)  respectively 

generalised  coordinate  for  mode  number  q  (see 
formulae  (2-1)  to  (2-3)) 

quantity  defining  amount  of  harmonic  constituent  in 
b  (t)  (see  formula  (2-4)) 

q 

complex  conjugate  of  b^ 

quantity  defined  by  formula  (B-28) 

coefficients  appearing  in  formulae  (C-54)  and  (F-7) 
respectively 

quantity  defined  by  formula  (A-10) 

coefficients  appearing  in  formulae  (D-19)  and  (D-71) 

chord  length  of  fin  Sj  at  spanwise  position  z 
(see  Fig  1) 

chord  lengths  respectively  of  half-tailplanes  S2  and 
at  spanwise  position  u  (see  Fig  1) 

first  and  second  derivatives  respectively  of  Cj(z) 
coefficients  appearing  in  formulae  (F-8)  and  (F-9) 


»">P*V** 
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Cr(p,q) 

d  ,  d(a) 
r  r 

D  (A) 
r 

Dr(p»q) 

D^n) (5,o;p,M) 

[D] 

!>,]»  [d2] 

CD103*  [°20^ 

«  „<a> 
er '  er 

ej  (z) 

e2(u),  e3(u) 

ej(z),  e y (z) 

E(x) 

Er(cO 

E<n)(5;u,M) 

w 

[E,]»  02] 

C*l03’  ^E20^ 

f(z),  f(n) 

f(a) (z) 
f(D  f(2) 

P>r,s  p;r,8 
€q°(x,z) 

f^2)(x,u),  f^3) (x,u) 


LIST  OF  SYMBOLS  (continued) 


quantity  defined  by  formula  (A— 11) 

coefficients  appearing  in  formulae  (D-20)  and  (D-55) 
respectively 

coefficients  appearing  in  formula  (F-8) 
quantity  defined  by  formula  (A-20) 
quantity  appearing  in  formula  (B-19) 
matrix  defined  by  formula  (2-165) 

diagonal  matrices  with  respectively  (2-159)  and  (2-161) 
as  general  diagonal  element 

diagonal  matrices  with  respectively  (2-158)  and  (2-160) 
as  general  diagonal  element 

coefficients  appearing  in  formulae  (D-16)  and  (D-83) 
respectively 

x  coordinate  of  leading  edge  of  fin  Sj  at  spanwise 
position  z  (see  Fig  1) 

x  coordinates  respectively  of  leading  edges  of  half- 
tailplanes  S„  and  S_  at  spanwise  position  u 
(see  Fig  1)  3 

first  and  second  derivatives  respectively  of  ej (z) 

function  defined  by  formula  (C-52) 
function  defined  by  formula  (F— 1 3) 

quantity  appearing  in  formula  (B-19) 

matrix  defined  by  formula  (2-164) 

diagonal  matrices  with  respectively  (2-155)  and  (2-157) 
as  general  diagonal  element 

diagonal  matrices  with  respectively  (2-154)  and  (2-156) 
as  general  diagonal  element 

functions  defined  by  formulae  (D-6)  and  (A-14) 
respectively 

approximation,  defined  by  formula  (D-52) ,  to  f(z) 

quantities  defined  in  formulae  (2-136)  and  (2-137) 
respectively 

modal  function  for  fin  S.  and  mode  number  q  (see 
formula  (2-1)) 

modal  functions  for  half-tailplanes  S2  and 

respectively  and  mode  number  q  (see  formulae  (2-2) 
and  (2-3)) 
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f^(x,z),  f(2)(x,u) 

q  q 

6f^(x,z),  6f^(x,u) 
P  P 

M 

ft”]-  K2>] 

F(o) 

Fr(A) 

F(x,y;v,M) 

F*n)(£,o;u,M) 

w 

CF0]»  CFi]»  Cf2] 

g(z) 

g<a)(z) 

^V*  «?>(ri0) 

[G] 

G(oi) 

Gr(A) 

-(m) 


LIST  OF  SYMBOLS  (continued) 
approximations  to  f^'^(x.z)  and  f^(x,u) 

q  q 

quantities  defined  by  formulae  (2-90)  and  (2-91) 
respectively 

matrix  appearing  in  formula  (2-169)  and  defined 
immediately  before 

row  matrices  with  elements  (2-150)  and  (2-151) 
respectively 

function  defined  by  formula  (F-5) 
coefficients  appearing  in  formula  (F-15) 

function  defined  by  formula  (2-22) 

quantity  appearing  in  formula  (B-19).  See  also 
equation  (3-23) 

diagonal  matrix  defined  by  formula  (2-174) 

diagonal  matrices  with  respectively  (2-178),  (2-179) 
and  (2-180)  as  general  diagonal  element 

function  defined  by  formula  (D-7) 
approximation,  given  by  formula  (D-53) ,  to  g(z) 

sets  of  interpolation  polynomials  defined  by  formulae 
(2-52)  and  (3-54)  respectively 

matrix  defined  by  formula  (2-185) 

function  defined  by  formula  (F-5) 

coefficients  appearing  in  formula  (F-15) 

quantities  defined  by  formulae  (2-65) 


g(m)  G(m' ,m) 
k  *  j 

quantities  defined  by  formulae  (A-41)  and  (A-47) 
respectively 

Gfc(p,q,m) 

quantities  defined  by  formulae  (A-4) 

G*r)(£fa,p,M) 

quantities  defined  by  formula  ( B— 18) 

h(z) 

function  defined  by  formula  (D-23) 

hU)  (z) 

approximation,  given  by  formula  (D-71),  to 

h(z) 

Or”’  «o> 

set  of  interpolation  polynomials  defined  by 
(2-51) 

formulae 

H(z) 

function  defined  by  formula  (D-15) 
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LIST  OF  SYMBOLS  (continued) 


H(a> (z) 

„(n) 


[H1 <x0*z0^3»  tH2(x»u>] 

1(0),  ^(0) 

^n)(5'°:>.x‘,;-5l).n0;v,H) 


J(0),  Jfc(0) 


approximation,  given  by  formula  (D-82) ,  to  H(z) 

quantities  defined  by  formulae  (2-63) 

row  matrices  appearing  in  formula  (2-182)  and 
defined  immediately  afterwards 

functions  defined  by  formulae  (C-31)  and  (C-33) 
respectively 

quantity  defined  by  formula  (3-21) 

quantity  defined  by  formula  (3-22) 

functions  defined  by  formulae  (C-32)  and  (C-34) 
respectively 

quantity  defined  by  formula  (3-42) 
quantity  defined  by  formula  (3-42a) 


k(z),  k<n)a0) 
k(a)(z) 


Kj  (x,y;v,M) 


K2(x,u,v,0;v,M) 


*(z) 

A(a) (z) 

t  ,  tw 

r’  r 


W 


?(D 


(2) 


*q  (x0^0}*  lq  (X0’U0} 


!<»(x,z).  Sf(x,u) 


functions  defined  by  formulae  (D-8)  and  (B-39) 
respectively 

approximation,  defined  by  formula  (D-55) ,  to 
k(z) 

subsonic  kernel  function  defined  by  formula 
(2-20) 

subsonic  kernel  function  defined  by  formula  ( 
(2-21) 

typical  linear  dimension  of  the  fin-tailplane 
configuration 

function  defined  by  formula  (D-21) 

approximation,  defined  by  formula  (D-63),  to 
fc(z) 

coefficients  appearing  in  formulae  (0-22)  and 
(0-64)  respectively 

a  polynomial  of  degree  n  in  £q  satisfying 
equations  (2-60) 


approximations  (2-56)  and  (2-57)  to  the  respec¬ 
tive  loading  functions  (xrt,zn; v,M)  and 

f2l  q  u  u 

*q  (VVV»M) 


approximations  (2-79)  and  (2-80)  to  the  respec¬ 
tive  loading  functions  I^(x,z;v,M)  and 
-(21  P 

i^'(x,u;v,M) 
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LIST  OF  SYMBOLS  (continued) 


^(x.zjv.M) 
A^(x,u;v,M) 
A^3* (x,ujv,M) 


Z^1)(x,z;v,M),  A<2)(x,u;v,M) 
6A^(x,z),  6A*2^(x,u) 

q  q 


ftl>(V*0)] 

[*“’  (*•“)] 

[i(1)(x0tz0)J »  [i(2)(x,u)J 

CT-KW] 


L(n) 

W«o> 

L^(x,z,t),  L*2^(x,u,t) 
L^3^  (x,u,t) 

L(x,y;v,M) 

L(e,o;u.M) 


V  °2 


m* 


V  n2 


loading  functions  introduced  in  formulae  (2-13), 
(2-14)  and  (2-15)  respectively 


solution  of  integral  equations  (2-75)  and  (2-76) 

quantities  defined  by  formulae  (2-88)  and  (2-89) 
respectively 

column  matrix  appearing  in  formula  (2-187)  and 
defined  immediately  before 

column  matrix  defined  by  formula  (2-173) 


the 

1  x  1 

matrix  with  element 

£<*> 

q 

(x0,z0) 

the 

1  x  1 

matrix  with  element 

£(2) 

q 

(x,u) 

row  matrices  appearing  in  formula  (2-188)  and 
defined  immediately  before 

column  matrices  with  elements  (2-175),  (2-176) 
and  (2-177)  respectively 

function  defined  by  formula  (E-4) 

function  defined  by  formula  (C— 2 1 ) 

normal  pressure  force  per  unit  area  respectively 
across  the  fin  S.  and  the  half-tailplanes  S~ 
and  S3 

quantity  defined  by  formula  (B-10) 

quantity  defined  by  formula  (B-16) 

number  of  spanwise  loading  functions 

number  of  spanwise  integration  points 

number  of  integration  points  related  to  m'  by 
formula  (3-5) 

number  of  spanwise  loading  functions  on  the 
surfaces  Sj  and  S2  respectively 

number  of  spanwise  integration  points  on  the 
surfaces  Sj  and  respectively 

defined  by  formulae  (3-15)  and  (3-36) 
respectively 

Mach  number  of  mainstream.  See  formula  (2-16). 
Also  integer  used  in  Appendix  D 
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LIST  OF  SYMBOLS  (continued) 


Mr(A) 

(n)/r(n{)  (ml, Si) 
r  IS  ’Xq 


n0*V,M) 


n 


Nr(A) 


N(3)  (x,u,t) 


N(2)(x,u,t) 


coefficients  appearing  in  formula  (F-16) 
quantity  defined  by  formula  (3-50) 


number  of  chordwise  loading  functions 

number  of  chordwise  integration  points  on  the 
surfaces  Sj  and  S^  respectively 

coefficients  appearing  in  formula  (F-16) 


normal  displacement  functions  (see  formulae 
(2-1),  (2-2)  and  (2-3) 


quantity  defined  by  formula  (3-51) 


Pr(u) 

(n)/=(n2)  (m2  ,£2)  _ 

r  \S  *"Xq  *n0 


;v,m) 


number  of  modes  of  oscillation 
Legendre  polynomial  of  degree  r  in  u 

quantity  defined  by  formula  (3-64) 


s*  ■  V  l< 

V'’-10 

[Q] 


S-2^0^ 


Q(x,y;v,M) 

«rto)(^).  x‘"i>S2),  n0iv,«) 


approximation  (2-84)  to  the  generalised 
airforce  coefficient  Q  (v,M) 

pq 

generalised  airforce  coefficients,  defined  by 
formulae  (2-26) 

matrix  appearing  in  formula  (2-169)  and  defined 
immediately  before 

the  1  *  1  matrix  with  element 

a  polynomial  of  degree  (k  -  2)  in  , 
introduced  in  formula  (C-30) 

quantity  defined  by  formula  (F-2) 


quantity  defined  by  formula  (3-65) 


R  -  R(x,y,6) 
RrCA) 

V  *2*  *3 


quantity  defined  by  formula  (2-24) 
coefficients  appearing  in  formula  (F-9) 

spans  of  the  surfaces  Sj,  Sg  .and  Sj 
respectively  A 

planform  qf  fin 


planforms  of  port  and  starboard  half-planes 
respectively 


i 


l 


I 


l 

t 

f 


\ 
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LIST  OF  SYMBOLS  (continued) 


s(n)/5-(n^) 
r  Vp  * 


(m2  ,£2) 

xq 


no;v,M) 


quantity  defined  by  formula  (3-74) 


t 


time 


Tr(x) 


Chebyshev  polynomial  of  degree  r  in  x  , 
defined  by  formula  (C-55) 


Xq“2,52).  n0;v,M) 


quantity  defined  by  formula  (3-75) 


u 

,,(“2)  „(®2»n2) 

U  |  U 

8  q 


local  spanwise  coordinate  for  surfaces  S„  and 
S3 

quantities  defined  by  formulae  (2-143)  and  (3-39) 
respectively 

speed  of  the  main  stream 

matrix  appearing  in  formula  (2-169)  and  defined 
immediately  before 

column  matrices  with  respectively  the  elements 
(2-152)  and  (2-153) 


»q2) (x,u) 
w°>  W(2) 

q;i»j 

w<°(x,z;v),  w<2)(x,u;v) 
w<3> (x,u;v) 

(x,z;v,M),  w^1,2J(x,z;v,M) 

v^U.u.vjM),  w^2^(x,u;v,M)| 
v£3)  (x,u,v;M) , 


approximation  (2-68)  to  the  function  Wq^(x,z;v) 

(2) 

approximation  (2-69)  to  the  function  w^  (x,u;v) 

quantities  defined  by  formulae  (2-138)  and  (2-139) 
respectively 

functions  defined  by  formulae  (2-9),  (2-10)  and 
(2-11)  respectively 


quantities  defined  by  formulae  (2-70)  and  (2-71) 
respectively 

quantities  defined  by  formulae  (2-72),  (2-73) 
and  (2-74)  respectively 


W(1)(x,z,t) 

W(2)(x,u,t),  W(3) (x,u,t) 

wr(p.q»n) 


normal  component  of  air  velocity  on  surface  Sj 

normal  components  of  air  velocity  on  the 
surfaces  Sj  and  S2  respectively 

function  defined  by  formula  (A-17) 


I 


3 

1 

i 

5 

i 

3 

! 


rectangular  cartesian  coordinates  of  a  point 
relative  to  a  frame  fixed  with  respect  to  the 
mean  position  of  the  fin-tailplane  configuration 
(see  Fig  1) 


*»y.* 
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LIST  OF  SYMBOLS  (continued) 


quantities  defined  by  formulae  (2-141)  and  (2-142) 
*  respectively 


(2,n,m)  -(2,n,m) 

r,9  *  i,3 

-(ni,mi,fii)  r(n2»ni2»n2) 

P,q  *  P.q 


quantities  defined  by  formulae  (2-144)  and  (2-145) 
respectively 

quantities  defined  by  formulae  (3-17)  and  (3-38) 
respectively 


X 

(mi)  (mj  .Si) 
Zs  »  Zq 


quantity  defined  by  formula  (F-3) 

quantities  defined  by  formulae  (2-140)  and  (3-18) 
respectively 


a 


dihedral  angle  (see  Fig  2) 


8 


-  /(I  -M2) 


Vi(no> 


Yr(p,q,n) 


r(q) 

6 


r(m) 

n 

n0 

_(») 

nj 

hj (p,q»r) 

8,  0O 

fl(D  fl(2) 

q;i,j*  q;i,j 

eg 


a  polynomial  of  degree  (m-1)  in  n0  satisfying 
the  relations  (2-61)  c 

a  polynomial  of  degree  r  in  n  satisfying 
the  orthogonality  relations  (A-l) 

the  gamma  function 

an  arbitrary  positive  number  which  satisfies  the 
inequalities  (B-30) 

Kronecker's  delta,  defined  in  formula  (2-55) 

set  of  m  points  in  (0,1),  defined  by 
formulae  (A-40) 

parametric  coordinate  defined  by  formulae  (2-30) , 
(2-34)  and  (2-38) 

parametric  coordinate  defined  by  formulae  (2-28), 
(2-32)  and  (2-36) 

set  of  m  points  in  (0,1),  defined  by  formulae 
(A-37a)  and  (A-37b) 

zero  of  the  polynomial  Yr(p,q,n) 

angles  defined  implicitly  by  the  formulae  (C-35) 
and  (C-9)  respectively 

quantities'  defined  by  formulae  (2-94)  and  (2-95) 
respectively 

column  matrix  defined  by  formula  (2-107) 
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LIST  OF  SYMBOLS  (concluded) 


column  matrices  appearing  in  formula  (2-107)  and 
defined  immediately  afterwards 


A 


matrix  defined  by  formula  (2-109) 


[a‘°’0>],  [A<0’‘>J,  [a(°’2)],' 
[a<’-0>],  [a0'0),  [a'1-2’],  ■ 
[a(2'0)],  [a'2'1’],  [a(2>2)] 


matrices  appearing  in  formula  (2-109)  and  defined 
inmediately  afterwards 


arbitrary  variable*  used  in  the  definition  (B-16) 
of  function  L(£,o;y,M) 

row  matrix  defined  by  formula  (2-108) 


row  matrices  appearing  in  formula  (2-108)  and 
defined  inmediately  afterwards 


v  ■  (ut/V) 


frequency  parameter 


0 

(n) 


7(nJ)  r(n£) 

5P  ’  S 


P 

0(2, Zq) 


parametric  coordinate  defined  by  formulae  (2-29), 
(2-33)  and  (2-37) 

parametric  coordinate  defined  by  formulae  (2-27), 
(2-31)  and  (2-35) 

set  of  n  points  in  (0,1)  defined  by  formulae 
(2-66) 

quantities  defined  by  formulae  (3-19)  and  (3-40) 
respectively 

quantity  defined  by  formula  ( B— 12) 

air  density  in  the  main  stream 
quantity  defined  by  formula  ( B— 13) 


.(0  a  (2) 

P»r,s*  p;r,s 


,(»’ ,») 


*0.1)  *0,2)  .(2,1) 

*i,j;r,s*  ♦i,j;r,s’  *i,j;r,s 


(2 


.2) 


♦ 


(2,3) 

i.jjr.a 


quantities  defined  by  formulae  (2-96)  and  (2-97) 
respectively 

set  of  m’  points  in  (0,1)  defined  by  formula 

(3-6) 


quantities  defined  by  formulae  (2-98)  to  (2-102) 


w 


circular  frequency  of  harmonic  oscillation 


t 

\ 
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1  Diagram  of  tin-tailplana  configuration 


Fig  2 


I 

♦  z 


a  is  the  dihedral  angle, positive  in  the  sense  shown 
Displacements  normal  to  the  surfaces  S,  (fin).  S2(positive  half-tail- 
plane)  ,  S3 ( negative  half -tailplane)  and  loadings  on  these  surfaces 
are  reckoned  positive  in  the  directions  shown  by  the  normal  arrows 


Fia  2  Section  through  the  fin-tailplane  configuration 
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tailplane 


Coordinates 


X 

y 

z 

A 

-1.4034 

0.0000 

1.5041 

B 

0. 1007 

0.0000 

1 . 5041 

C 

1 . 0000 

0.0000 

0.0000 

D 

0. 0000 

0.0000 

0.0000 

E 

0.7034 

1 .2952 

0.0000 

F 

1. 3676 

1.2952 

0.0000 

Fig  3  Planform*  of  fin  and  half-tailplane  of  example  4.3 


Fin 

coordinates 

Half  tailplane  coordinates 

X 

z 

X 

u 

A 

2 .50 

1  .  20 

C 

4  .  60 

0 . 00 

B 

4  .  20 

1  .  20 

D 

3  .  70 

0  .  00 

C 

4  .  60 

0 . 00 

E 

4  .  75 

1  .00 

0 

3  .70 

0 . 00 

F 

5  .  10 

1  .  00 

Fig  5  PI  an  form*  of  fin  and  half-tailplane  of  exampia  4.5 
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17.  Abstract 

^The  fin-tailplane  configuration  consists  of  two  flat  half-tailplanes  and  a 
latfin  joined  together  so  as  to  be  symmetric  about  the  plane  of  the  fin.  The  half- 
tailplanes  may  be  set  at  a  non-zero  dihedral  angle  to  each  other.  The  chords  of  all 
the  surfaces  at  their  junction  are  of  the  same  length  and  are  coincident.  The  fin- 
tailplane  configuration  is  assumed  to  be  isolated  and  to  be  oscillating  harmonically 
about  its  mean  position  in  a  subsonic  flow  whose  main  stream  is  parallel  to  the  junc¬ 
tion  chord.  The  oscillatory  motion  is  taken  to  be  antisymmetric  about  the  plane  of 
the  fin.  Linearised  equations  of  potential  flow  are  assumed  to  bd  valid  so  that  the 
rmal  velocities  on  the  fin  and  tailplane  surfaces  may  be  related  to  the  loadings  on 
these  surfaces  by  means  of  linear  integral  equations.  These  integral  equations  are 
solved  numerically  for  the  loadings  for  oscillation  at  general  frequency  in  any  anti¬ 
symmetric  modes,  and  the  generalised  airforce  coefficients  are  then  obtained. 

roximations  to  the  loadings  are  taken  as  linear  combinations  of  basis  functions. 
The  condition  satisfied  by  the  loadings  at  the  junction  of  the  fin  and  half-tailplane 
is  imposed  on  the  approximations  and  the  variational  principle  of  Flax  is  applied  to 
gat  the  coefficients  in  the  said  linear  combinations.  The  method  is  more  elaborate 
than  that  of  e  previous  theory  of  the  author.  The  procedure  has  been  programmed  in 
IICL  1900  FORTRAN.  Results  obtained  using  the  program  on  a  number  of  examples  are  given. 
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